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Abstract 



In this thesis we give a complete description of the syzygies of irreducible, non- 
singular, canoncial curves C of genus 9. This includes a collection of all possible 
Betti tables for C. Moreover a direct correspondence between these Bctti tables 
and the number and types of special linear series on C is given. Especially 
for Cliff (C) = 3 the curve C is contained in determinantal surface F on a 4- 
dimensional rational normal scroll X C constructed from a base point free 
pencil of divisors of degree 5. 
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ii 



Deutsche Zusammenfassung. In der vorliegenden Arbeit werden kanonisch 
eingcbettete Kurven C C Pf"^ vom Geschlecht g behandelt. Wir betrachten die 
minimal freie Auflosung des Koordinatenrings Sc, wobci S = k[a;o, Xg-i] den 
homogcncn Koordinatcnring des bczeichnct. Diese Auflosung nimmt dann 
folgcndc Gestalt an: 
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wobci p < die Anzalil der fiihrendcn NuUcintrage in der drittcn Zeile beze- 
ichnet. Green's Vermutung besagt nun, dass cin dirckter Zusammenhang zwis- 
chen dieser Anzahl p und dem Auftrcten spczieller Linearsysteme auf C besteht: 
Er vermutet, dass C genau dann Clifford Index p besitzt, wenn genau die er- 
sten p Eintrage in der dritten Zeile des obigen Tableaus NuUeintrage sind. Der 
Clifford Index eines Divisors D auf einer Kurve C ist definiert als 

Cliff(i:>) =dcgD- 2{h°Oc{D) - 1) 

und der Clifford Index von C als 

Cliff(C) = min{Cliff(i:') : D G Div(C) effcktiv mit h°Oc{D),h^Oc{D) > 2} 

Green and Lazarsfeld bewiesen in [GL84], dass aus der Existenz spezieller Lin- 
earsysteme auf C die Existenz von Extrasyzygien folgt. Neuere Arbeiten von 
Hirschowitz und Ramanan in [HR98] (1998) und von Voisin in [V05] zeigen, dass 
Green's Vermutung fiir Kurven von ungeradem Geschlecht g und maximalem 
Clifford Index gilt. Dariiber hinaus gilt Green's Vermutung auch allgemein 
fiir Kurven vom Geschlecht g < 9, was durch Ergebnisse von Mukai in [M95] 
(1995) und Schrcyer in [S91] belegt wird. 

Man kann nun einen Schritt weiter gehen und fragen, welche Betti Tableaus 
auftrcten konnen im Falle einer irreduziblen, glatten, kanonischen Kurve C. Fiir 
Kurven vom Geschlecht g < 8 ist diese Fragestellung bereits in [S86] (1986) 
beantwortet worden. Basierend auf Computerberechnungen gibt Schreyer eine 
Listc von Betti Tableaus fiir Kurven vom Geschlecht 9, 10 and 11 in [S03] 
(2003) an, deren VoUstandigkeit zu iiberpriifen ist. So vermutet der Autor 
bespielsweise, dass fiir Kurven vom Geschlecht 9 aus der Existenz von drci gl'cii 
bereits die cincs g^ folgt, was sich im Allgemeinen als nicht zutreffcnd erweist. 

Das Ergebnis dieser Arbeit ist eine voUstandige Liste von Betti Tableaus fiir 
glatte, irreduzible, kanonischc Kurven vom Geschlecht g = 9: 
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Die Existenz mehrerer gg'e muss dabei so interpretiert werden, dass einige der 
Linearsysteme auch doppelt oder dreifach zu zahlen sind. Es stellt sich her- 
aus, dass cine allgemeine Kurve im Stratum, welches durch diese Betti Zahlen 
gegeben ist, eine entsprechende Anzahl unterschiedlicher g^e besitzt. 
Bei der Berechnung der Betti Tableaus orientieren wir uns an der Vorgehensweise 
Schreyers in [S86]: Mit Hilfe eines g\ auf C konstruieren wir einen [d — 1)- 
dimensionalen Scroll X C P^~^, welcher die Kurve C enthalt. Die Rulings auf 
dem Scroll schneiden dann auf C das entsprechende g\ aus. Wir erhalten eine 
freie Auflosung von Oc als Ox-Modul. Eine entsprechende Abbildungszylin- 
derkonstruktion liefert dann eine (nicht unbedingt minimale) freie Auflosung 
von Sc- Hierbei treten schiefsymmetrische Matrizen ■)/' mit Eintragen aus glob- 
alen Schnitten von Vektorbiindeln Ox{aH + bR), a,b £ Z, auf, welche die freie 
Auflosung bestimmen. Schliefilich sind die Range eventuell auftretender, nicht 
minimaler Abbildungen zu berechnen. 

Von besonderem Interesse ist der Fall Cliff (C) = 3: Im Falle der Existenz eines 
liegt die Kurve auf einer sogenannten Bordigatypflache, deren Betti Tableau 
bereits das der Kurve festlegt. Existiert jedoch kein g^, so kann man in jedem 
Fall eine determinantielle Flache Y C X auf dem Scroll angeben, welche die 
Kurve enthalt: Hat C genau ein gl mit einfacher Multiplizitat, so ist Y das 
Bild einer Aufblasung des und im Falle der Existenz mehrerer gl'e das Bild 
einer Aufblasung von x P"'^. Im Fall, dass ein gl mit hoherer Multiplizitat 
auftritt, erhalten wir Y als Bild einer Aufblasung der zweiten Hirzebruchflache. 

Im Kapitel "Summary" geben wird ein kurzen Ausblick auf die Behandlung 
der Falle g — 10 und g = 11. 
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Introduction 



In this thesis wc discuss curves C C P^^^ of geometric genus 5 = 9, which are 
embedded by the complete hnear series {locI associated to the canonical bundle 
(jjc- It is known that for C C P" embedded by a very ample, complete linear 
series \C\, properties of the homogeneous coordinate ring Sc = S/Ic, as its 
graded Betti numbers depend both on the curve itself and on C (cf. [E05]) . 
Here we denote by S* = k[a;o, Xn] = Sym if°(C, £) the homogenous coordinate 
ring of P". In the case C = ojc we get an embedding of C in F^~^ if C is non- 
hyperelliptic and properties of Sc are intrinsic properties of C alone. For this 
reason one could ask, if it is possible to deduce geometric properties of C directly 
from the algebraic properties of Sc - Hilbert gave us a first answer to this problem 
by introducing the Hilbert polynomial, which contains information about the 
dimension and degree of the embedding. For more detailed information of the 
embedded curve C we have to go further: Hilbert showed that there exists a 
minimal free resolution of Sc as 5— module. This resolution, especially its Betti 
table, contains further information, so we can ask in general which geometric 
properties are encoded in the Betti numbers. From the Castelnuovo-Mumford 
regularity of Sc and its Gorenstein property we know that the Betti table of 
the minimal free resolution of Sc has the following form 
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p 

with a positive integer p < , the number of leading zeros in the third row. 
Following Green we say that C fullfills Np in this situation if there are at least 
p zeroes. Green conjectured that there exists a direct correspondance between 
the geometry of C and the Np property: 

Conjecture 0.0.1 (Green, 1984) Let C C P^ 6e a smooth nonhyperelliptic 
curve over a field of characteristic in its canonical embedding. Then 

Pp,p+2 7^ C has Clifford index Cliff (C) < p 
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The Clifford index of an effective divisor D on C is defined as 

Cliff (£)) = dcgi:» - 2{h°Oc{D) - 1) 
and the Clifford index of C is 

Cliff(C) = min{ Cliff (£>) : D G Div(C) effective with h^OciD), h^OciD) > 2} 

For a better understanding of this definition, we state some results of Brill- 
Noether Theory, that studies the question whether there exists a certain special 
linear series \D\ on a curve C. C DivC as usual denotes the variety of all 
divisors D of degree d that fulfill r{D) = diin|L)| > r. Further denotes an 
clement of = {\D\ : degD = d, r{D) > r} C Pic''(C). BriU Noether Theory 
(cf. [ACGH85]) then gives us a lower bound of the dimension of this variety 
which is sharp for a generic curve. Together with the Riemann Roch Theorem 
which says that r = dim|Z?| > d — g and Clifford's Theorem we obtain the 
following picture: 



V 




The gray shaded area gives us bounds for which dim > for a generic curve 
C of genus g. Clifford's Theorem says that for an effective Divisor on C of 
degree d < 2^ — 1 we must have r = h°Oc{D) — 1 < |. If equality holds then 
either D is zero, or D is a canonical divisor, or C is hyperelliptic and D is 
linearly equivalent to a multiple of a hyperelliptic divisor. 
In the last situation where C is hyperelliptic the canonical map 

j : C^P(iJ°(C,wc)) ^P"*"^ 

is a 2 : 1 map tt onto a rational normal curve which is a (5 — 1)— uple embedding 
of pi in ps-i. 

C ^ps-i 
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The sheaf 7r*Oc is a rank two vector bundle Opi ©Opi (a) on with an a G Z . 
As 7r*Opi(l) ^ OciD) we get 7r*C'pi(2.g - 2) ^ C'c(£')®^^"^ = t^g^ and thus 
from the projection formula Tr,,Tr*Opi{2g — 2) = tt^w®^ = 0^1(2^ — 2) tt^Oc- 
Comparing dimensions of the global sections it follows that a ~ —g — 1. Then 
f2 = J2n>o H'^{C,Luf,") regarded as a module over the homogenous coordinate 
ring S = Symi?°(C, loc) of P^"^ is the module of global sections of the rank 2 
vector bundle if,Oc — Opi © Opi{—g — 1) on the rational normal curve C 
P^^^. The Betti table for this rational normal curve is given as follows: 
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For non hyperelliptic C the canonical map j is an embedding and Q. is the 
homogenous coordinate ring of C C P^^^ (cf. [N1880]). In this situation the 
definition of the Clifford index gives a natural measure of the speciality of a 
divisor D on C. 

Green and Lazarsfeld proved in [GL84] that from the existence of special 
linear systems on C it follows the existence of exceptional syzygies. Due to 
recent works of Hirschowitz and Ramanan in [HR98] and Voisin in [V05], we 
know that Green's Conjecture holds for curves C of odd genus g with maximal 
Chfford index 2zl. 

Theorem 0.0.2 (Hirschowitz- Ramanan- Voisin) Let C be a smooth curve C of 
genus g = 2/s + 1 > 5 with Betti number (3k,k+i 0, then there exists a g\j^i on 
C. 

Moreover for curves of genus g < 9 Green's conjecture holds which follows from 
results of Mukai in [M95] and Schreyer in [S91]. From further results of Max 
Noether, Petri, Voisin and Schreyer we know that curves which fuUfill Np for 
p < 2 have special linear series of Clifford index p. A substantial progress has 
been done in [VOl] 2001 and [V05] 2005, where Voisin proved the conjecture for 
general fc— gonal curves of arbritrary genus. 

Going one step further one might ask which Betti tables actually occur for 
irreducible, nonsingular curves C. For curves of genus f/ < 8 this is already done 
in [S86] (1986). Based on computational evidence, Schreyer gives a conjectural 
collection of Betti tables for curves of genus 9, 10 and 11 in [SOS] (2003). 

The result of this thesis is a complete table for smooth curves of genus 9. It 
turns out that the conjectural tabic in [S03] is correct with the exception that 
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a curve C of genus 9 can even admit three linear systems of type 175 (counted 
with multipHcities) and no g^. 
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The interpretation of the existence of several gl^'s has to be taken as a count 
with multiplicity. It is true that a general curve in the strata defined by these 
Bctti numbers has that many g\' s precisely. 

To obtain the Betti numbers from a curve C that admits special divisors D 
of degree d as in Green's Conjecture we follow the approach in [S86]. We first 
construct a rational normal scroll X C P^"^ from a pencil (-Da) a of divisors 

^ = UAepi5A CP^-I 
where Dx denotes the linear span of Dx- 
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The vanishing ideal Ix of this scroll is given by the 2x2 minors of a 2 x / ma- 
trix, / — h^Oc{Kc — D)^ with linear entries in S. The minimal free resolution 
of the homogenous coordinate ring Sx takes the following simple form: 
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and as C is contained in X the syzygies of Sx are also syzygies of Sc- Further 
there exists a corresponding P''~^-bundle P(f ) of degree d—1 over P^, which is 
a desingularization of X. With £ = Opi (ei) © ... © Opi {ed-i) we say that X is of 
type Sici, e^-i). The type of a scroll constructed in this way can be deter- 
mined by the values h^Oc{iD) for i G N. Schreyer gives in [S86] a resolution of 
Oc in terms of Ox-modules. The minimal free resolution of these modules in 
are given by complexes C*. Then Schreyer shows in [S86] that a mapping 
cone construction leads to a free resolution of C C P^^^. Unfortunately this 
resolution can contain non minimal maps, so it remains to determine the ranks 
of them. 

In Chapter 3 we repeat the results from [S86] for the case of trigonal and tetrag- 
onal curves. In the main part of the thesis we focus on pentagonal curves C C P^ 
of genus 9. We distinguish two cases with Cliff(C) = 3: 

I. (C admits a g^) If there exists a on C then we get a plane model C C 

of C having six double points as only singularities. Projection from each of 
them leads to a g^. The image S' C P^ of the blowup of P^ in these 6 points 
under the adjoint series is a Bordiga surface S" C P* which is smooth iff C has 
no infinitely near double points. It has only isolated rational singularities that 
come from contraction of a strict transform E'^ of a point pi that admits one 
infinitely near double point pj. The minimal free resolution for S' determines 
the Betti table for C. 

II. (C admits no Now we assume that C has no gj. Then the scroll X 
constructed from one of the existing = \D\ turns out to be of type 5(2, 1, 1, 1), 
5(2, 2, 1, 0) or 5(3, 1, 1, 0). We define the multiplicity of the linear system 
\D\ to be equal to one, two or three depending on that type. Later on we 
will show that there also exists a geometric interpretation that justifies this 
definition: Let k = X^iDi^gi'^l-DI be the total number of all gl (counted with 
multilplicities) , then there exists a local one parameter family {Cx)x with Cq = 
C and Cx a curve with Clifford index 3 that has exactly k ordinary ^5 . Following 
the approach of Schreyer in [S86] we consider a representation of C C ¥{£) as 
vanishing locus of the Pfaffians of a 5 x 5 skew symmetric matrix ip with entries in 
P{£) obtained from the structure theorem for Gorenstein ideals of codimension 
3. Let H denote the class of a hyperplane section and R that of a ruling on 
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X, then a closer examination of all possible types for ip leads to the following 
complete table: 

Table for curves with a gl but no 



Special Linear Series 


Determinantal Surface Y 

C CY C X Cf^ 


Type of matrix ip 


3! Qr with m 1 — 1 


blown-up in 
9 doublcpoints and 
1 triple point of a g'^ 




/ H H H H \ 
H-RH-RH-R 
H - R H - R 
H - R. 
\ / 
on S(2, 1, 1, 1) 




3 exactly two 
with m 1 — 1 


X blown-up in 
7 double points of a 




/ H H H H \ 

H-RH-RH-R 
H - R H - R 


I ; 

on S(2, 1, 1, 1) 




3 exactly three gl^ 

with 771 1 — 1 


X F^ blown-up in 
7 double points 
pi, ...,P7 of a gl X gl 
but p G C\| pi, ...,P7| 

is base point 
of 1(2,2) -pi - ... -P7| 




/ H H H H \ 
H - R H - R 
H - R H - R 

V / 
on S(2, 1, 1, 1) 


3! gl with 
rn I — 2 


P2 P(Opi(2) e 0,1) 

blown-up in 
7 double points pi, ...,P7 




/ H + R H H H 

H H H - R 
H - R H - 2R 
H -2R 
\ 
on S(2, 2, 1, 0) 


\ 
1 


3! with 

"''4 = ^ 


P2 := P(Opi (2) ® Opi ) 
blown-up in 
7 double points pi , . . . , p? 
lying on a rational 
curve of class A -\- B 




/ H + R H H H 
ff H H - 

H - R H - 2R 
H -2R 
\ 
on S(3, 1, 1,0) 


1 


3! gl^ with m 1 — 1 
and 

3! ql with m 1 — 2 

^5 


X blown-up in 
7 double points 
pi, ...,P7 of a X 
lying on a rational 
curve of type (2, 1) 




/ H H H H \ 
H - R F H - R 
H - i? F 


I ; 

on S(2, 1, 1, 1) 
with an entry F ^ H — R. 





Here F C X is a surface on the scroll X given by the 2x2 minors of a matrix 

/ H-aiR H-a2R H - asR \ 

^ \H - {ai + k)R H^{a2 + k)R H~{a3 + k)RJ 

with entries in P{£). 

The non minimal maps in the mapping cone construction, representing a free 
resolution of C C P^, arc given by certain submatriccs of ip. Calculating ranks 
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in the individual cases, it turns out that the entries = P45 in the Betti table 
for C are given by 4k with k the number of all gl counted with multiplicities. 
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Notation Throughout the text k denotes an algebraically closed field of charac- 
teristic 0. S = k[xo, Xn] denotes the homogeneous coordinate ring of P" and 
m = (xo, ■■■,Xn) C S its maximal ideal. For two divisors D and D' on a variety 
V we write ~ Z?' iff they are linear equivalent. 
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Background 



1.1 Syzygies 



A projective variety X C P" can be described by its vanishing ideal Ix C S := 
k[a;o, a;„]. We denote the corresponding homogeneous coordinate ring by 
Sx ■= S/Ix- Because of the Noetherian property of S, there exists a finite 
number of generators of Ix- These generators can also have certain relations 
which can be described as a finitely generated module over S. Then we consider 
the relations of these relations and so on. Hilbert famous Syzygy Theorem says 
that this process stops after finitely many steps: 

Theorem 1.1.1 (Hilbert Syzygy Theorem) Any finitely generated graded S- 
module M has a finite graded free resolution 



with free S-modules Ft, i = 0, m < n + 1. 
Proof. [EOS] sect.2B. ■ 

Unfortunately a free resolution of Sx has not to be minimal. But if we 
choose a minimal set of generators in each step above then we obtain a minimal 
free resolution, i.e. every map (p,;, i = 0, ...,m, has no degree zero part or 
equivalently it is not possible to seperate a trivial subcomplex 



To give a formal definition for this property we use the standard notation m to 
denote the homogeneous maximal ideal (xo , . . . , x,i ) C S : 

Definition 1.1.2 A complex of graded S-modules 








...F 








^ S{-d) ^ S{~d) ^ 



F,-i 




is called minimal if for each i the image of ipi is contained in mi^i-i. 
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1.1. SYZYGIES 



Given a resolution of Sx, we obtain a minimal free resolution by canceling trivial 
subcomplexes and in consequence we have the following important property 

Theorem 1.1.3 Every minimal free resolution of a graded S-module M is unique 
up to an isomorphism of complexes inducing the identity map on M. 

Proof. [EOS] Section 1. ■ 

According to the last theorem, it follows the important fact that for each min- 
imal free resolution of a finitely generated graded S*— module the number of 
generators of each degree j G Z required for the free modules Fi is the same in 
every minimal free resolution. We call these numbers Pij the Bctti numbers of 
M. 

Definition 1.1.4 (Betti numbers) Let M be a finitely generated, graded S-module 
and 

^ A/ r Fo fi Fi ^ ...F„,_i ^ 

a minimal free resolution of M with free modules Fi = QjS{—j)^^'^ , then we 
call the numbers pij the syzygy numbers or graded Betti numbers of M. 

For X C P" a projective variety we call the Betti numbers of X those of the 
homogenous coordinate ring Sx ■ Given a set of generators of the vanishing ideal 
of X, it is possible to determine a minimal free resolution of Sx by Grobner 
Basis algorithms (implemented in Macaulay2, Singular,...) after finitely many 
steps. We use the Macaulay notation to write down the Betti table of such a 
resolution: 
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m-1 


m 





(3m 


(3ii 


/3m — 1 , m — 1 




1 






f^m — 1 , m 


/3m,m+l 


r 




Pl,r+1 


/3m — l,m+r — 1 





Example 1.1.5 (complete intersection in ¥^ ) A complete intersection of two 
hypersurfaces of degree 2 in P^^ is an elliptic curve C C F^. Ic is generated by 
exactly two quadratic forms 91 , (72 G 'S'2 and the only relation between them is 
the Koszul relation —q2 ■ (/i + 91 ■ 92 = 0, hence the minimal free resolution of 
is given by 

O^Sc^S ^ S{-2) ® 5(-2) ^ 5(-4) ^ 
and has the following Betti table 
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Example 1.1.6 (The Koszul complex in general) Let 5 be a ring and N = 
5*"+^ a free 5*— module of rank n + 1. For x = (a;o, ■■■,Xn) & N we define the 
Koszul complex to be the complex 

K{x) -.0^ N ^ A^N ... ^ A'N ^ A'+^N ... 

where dx sends an clement a to x A a. Notice that A°iV = 5. In particular for S = 
k[a;o, ...,a;„] the graded homogeneous polynomial ring in P" and x = (xq, ...,x„) 
we get a graded free resolution of k as 5— module: 

K{x) : ^ S{-n-l) ^ S"+\-n) ^ ... ^ (-n+i-1) ^ 

^ + i) ^ ... ^ A"+i5"+i = 5 ^ k ^ 

as the cokernel of A"iV A"+^A^ is isomorphic to S/{xo, x„) = k (cf. [E95] 
page 428). 

We derive further properties of the Betti numbers: 

Theorem 1.1.7 Let M be a finitely generated, graded S-module and 

O^AirFo^F,^ ...F„,^, ^ 

a free resolution of M with free modules Fi = QjS{~j)^'^ . Then the Hilhert 
function Hm is 

HM{d)=ET=oi-^)%P.["^'^'') 

Proof. [EOS] Corollary 1.2 ■ 

It is a direct consequence of the theorem above that for sufficcntly large d, the 
Hilbcrt function becomes polynomial: 

Theorem 1.1.8 There exists a polynomial Pm (called the Hilbert polynomial) 
such that, if M has a free resolution as above, Pnid) — HM(d) for d > 
maxij {/3y - n}. 

Proof. For d > maxij jj — n : j3ij ^ 0} we get n + — j > in every binomial 
coefficient , thus it becomes polynomial in d. ■ 

In consequence, we are able to calculate the Hilbcrt function and the Hilbcrt 
polynomial from the Betti numbers. In our definition of the graded Betti num- 
bers f3ij of a minimal free resolution of an S*— module M , we used the important 
fact, that these numbers are uniquely determined by M and do not depend on 
the minimal resolution. 
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1.1. SYZYGIES 



There is a further way of introducing the Betti numbers Pij and the space Fij 
of {i — l)-th syzygies of degree j of the module Sx as 

These two definitions coincide as proved in [E95] Exercise A 3.18 page 639. The 
advantage of this second definition of the Betti numbers is, that Torf (Sx, k)j 
can be computed as well by a free resolution of Sx as by one of k in terms 
of free S*— modules, which is given by the Koszul komplex (cf. Example 1.1.6). 
But it is not possible in general to obtain the complete Betti table only from 
the values of the Hilbert function. Therefore we need more information of an 
S*— module M such as the Castelnuovo-Mumford regularity : 

Definition 1.1.9 (Castelnuovo-Mumford regularity) The Castelnuovo-Mumford 
regularity of M is given by 

reg M = max(i — j, f3ij ^ 0) 

For X a projective variety we define icgX :~ rcg/x with Ix the vanishing ideal 
ofX. 

The first property of the regularity of a module M is that it gives us a rather 
good lower boundary for the natural numbers d such that the Hilbertfunction 
Hnjid) agrees with the Hilbert polynomial Pnid) ■ 

Theorem 1.1.10 Let M be a finitely generated graded module over the polyno- 
mial ring S = Ik[a;o, ■■■,Xn], then 

1) HM{d)^ Pm [d) for all d > reg M + pd M - n 

2) For M Cohen- Macaulay the boundary in 1) is sharp. 

Proof. [EOS] Theorem 4.2. ■ 

The following theorem helps us to calculate the regularity in terms of the van- 
ishing of cohomology groups. It says that for a projective variety X, reg Ix can 
be obtained as the minimal value rg, such that Ix is r— regular for all r > tq: 

Theorem 1.1.11 Let X C P" he projective variety andro the minimal number 
with 

H\V\Ix{r for all i > and all r > tq 

Then reg X = reg Ix = ?'o • 

Proof. [E95] Exercise 20.20. ■ 

According to the definition of reg M the regularity gives the number of rows in 
the Betti table of M with nonzero entries. The number of columns with nonzero 
entries is determined by the projective dimension of M : 
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Definition 1.1.12 (projective dimension) For M an S— module, the projective 
dimension pd M is the minimal length of a projective resolution of M. 

There is a direct correspondence of the projective dimension of a module M and 
the length depth(tn, M) of a maximal M-sequence in m, m the maximal ideal of 
S, given by the the Auslandcr-Buchsbaum formula: 

Theorem 1.1.13 (Auslander-Buchsbaum formula) Let S be a graded ring with 
maximal ideal m and M a finitely generated module with pdM < oo. Then 

pd M depth (tn, S) - depth (m, M) 

Proof. [E95] Theorem 19.9 and Exercise 19.8, page 479 and 489. ■ 

For S ~ k[a;o, Xn] we get depth(m, M) = n + 1, hence depth(m, M) and pd M 
can directly be obtained from the Betti table of M. 

For X C P" a projective variety, the definition of being arithmetically Cohen- 
Macaulay says that depth(m, Sx) = dimRx , hence X is arithmetically Cohen- 
Macaulay if and only if 



It will turn out that a canonical curve C is always arithmetically Cohen Macaulay. 
Further we will show that C is even arithmetically Gorcnstcin. 

Definition 1.1.14 Let X C P" be a projective, arithmetically Cohen- Macaulay 
variety and codimX = c. Then we call X arithmetically Gorcnstcin if and only 
if there exists an n ^TL with 



If is a minimal free resolution of Sx then the minimal resolution of Ext '^{Sx , <S') 
can be obtained as the dual F* of F. Now it is an easy consequence that for X 
arithmetically Gorenstein, F has to be selfdual, i.e. for the Betti numbers we 
get 



with c, n as in the definition above. 

In Example 1.1.5 wc have seen that for an elliptic curve C C given as 
complete intersection of two quadrics, its homogenous coordinate ring Sc has 
the following symmetric Betti table 



ma.x{i\/3ij ^ for at least one j} = codimX 



Ext%Sx,S) = Sx{n) 




1 2 




1 

2 



1 - - 

- 2 - 

- - 1 



Hence from the results above it follows that C is arithmetically Gorenstein. 
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1.2. CANONICAL CURVES AND GREEN'S CONJECTURE 



1.2 Canonical Curves and Green's Conjecture 

As we have remarked above we want to show that a canonical curve C C Pf~^ is 
arithmeticaUy Gorenstein. Further we wiU sec that reg C ~ 3 and as the Hilbert 
function of Sc can easily be calculated from the values h^{C, mKc)-, m € N and 
Kc a canonical divisor on C, we get a first approximation for the Bctti table of 
Sc. 

Let C be a smooth, non hyperelliptic curve and Kc its canonical divisor, then 
we can embed C in P^^^ canonically: 

if\Kc\ ■■ C P^-^ = fH\C,Oc{Kc)) 

We denote by Ic the vanishing ideal of C C PS"^ and Sc its homogeneous 
coordinate ring. The following theorem due to Max Noether says that C C P9~i 
is embedded projectively normal and thus C is arithmetically Cohen-Macaulay: 

Theorem 1.2.1 (Max Noether) If C is non hyperelliptic then 
^^j:m>oH°iC,Oc{Kcm 

is the homogenous coordinate ring of C C P^^^. It follows that H^[C,Tc{m)) = 
for all m > 0. 

Proof. [ACGH85] page 117. ■ 



Now as an easy consequence of Max Noether's Theorem and Theorem 1.1.10 we 
obtain the following corollary: 

Corollary 1.2.2 Let C C P^^^ be the canonical model of a non hyperelliptic 
curve of genus 5 > 3, then the Hilbert function Hscio,kes the following values: 



Hscid) 



ifd<0 

1 ifd = 
g if d = 1 

(2d-l)(.g-l) ifd>0 



In particular [3i^2{Sc), the number of quadratic generators ofic, is (^2^) ^^'^ 
reg Sc = 3. 

Proof. ([E05] Corollary 9.4.) From Max Noether's Theorem we already know 
that Sc is arithmetically Cohen-Macaulay and {Sc)d = H°{C,Oc{Kc)'^'^) = 
H^{C, Oc{dKc))- Therefore the values for Hs^ follow from the Riemann-Roch 
Theorem. From the Cohen Macaulay property we obtain the existence of a 
regular sequence on C consisting of 2 linear forms li,l2- The regularity of Sc 
is the same as that of Sc /{h, h)- The Hilbert function of this last module has 
values (1,5 — 2,g — 2,1), and thus applying Theorem 1.1.10 we have reg 6*0 = 
TegSc/{li,l2) = S- ■ 
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The Gorenstein property of Sc is a direct consequence of cue = Cc(l)- From 
the collected results we obtain that the Betti table of C has exactly codim C+1 = 
g ~ 1 columns and reg C + 1 = 4 rows. Further it is symmetric and Pa = for 
all i > as C is not contained in any hypcrplanc. Therefore the Betti tabic of 
C looks like: 



9-1 



' 1 












































/3g-3,s-l 


















1^ 



with Pi^i+i — = i ■ (f^x) ^(.9^1^*)' (^^2) ■ which we know from the 

values of the Hilbcrt function Hsc- Due to recent results of Voisin in [VOl] and 
[V05], for the generic curve over a field k of characteristic 0, the Betti numbers 
Pi-i^i+i become zero for i = 0, [^^y^J- Especially in the case of our interest 
the Betti table of a generic curve of genus 9 looks as follows: 

Example 1.2.3 For C C P^^^ a generic curve of genus g ~ 9 the Betti table 
of Sc has the following form: 








1 


2 


3 


4 


5 


6 


7 





1 
















1 




21 


64 


70 










2 










70 


64 


21 




3 
















1 



The question that arises is which Betti numbers (3ij can be nonzero? A 
classical result of Petri is the following theorem: 

Theorem 1.2.4 (Petri) Let Ic be the homogenous ideal of a non hyperelliptic 
canonical curve C C P^^^, then Ic is generated by (^2^) quadrics except the 
two cases where 

1) C is trigonal, i.e. there exists a g\ or 

2) C is isomorphic to a plane quintic (g = 6 and C has a gf) 

In these two exceptional cases the quadrics contained in Ic generate a rational 
normal scroll in 1) and the Veronese surface P^ ^ P^ in 2). 

Proof. [S-D73] ■ 

Thus we obtain Pij = for j > 2 except in the two exceptional cases 1) and 2). 
This result suggests that the values /3y that are nonzero correspond to special 
linear systems on the curve C. Green's conjecture, if shown to be true, would 
give an exact answer to this question: 
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1.2. CANONICAL CURVES AND GREEN'S CONJECTURE 



Conjecture 1.2.5 (Green, 1984) Let C C ^ be a smooth non hyperelliptic 
curve over a field of characteristic in its canonical embedding. Then 

Pp,p+2 ^0 C has Clifford index Cliff(C) < p 

The Clifford index of an effective divisor D on C is defined as 



Cliff (D) =degL'-2r(L') 
and the Clifford index of C is 

Chff(C) = min {Cliff (£>) : D e Div(C) effective with WOc{D) > 2 for i = 1,2} 

As we have remarked in the introduction the conjecture is already shown to 
be true for the " <^= " direction and also in several cases, especially for genus 
3 = 9, for the other direction. We will give a complete list of all possible Betti 
tables for irreducible, nonsingular, canonical curves C of genus 3 = 9. For 
Cliff (C) < 2 the results in [S86] can be applied to obtain these tables. This is 
done in Chapter 3. It remains to examine the case, where Cliff(C) = 3. Then 
there exists a 55, gf, or gf-^. The Brill Noether duals to and g\i are of 
type (77 or g\ correspondingly. From a wc get a plane model of C of degree 7 
that has exactly 6 double points. Then g\ on C can be obtained from projection 
from one of the double points (cf. Theorem 4.3.1). Thus for a canonical curve 
C of genus 9 to be pentagonal is equivalent to Cliff (C) = 3. 

For {D\)^ a base point free pencil of divisors of degree, we consider the 
variety swept out by the linear spans of these divisors: 

This is a rational normal scroll of dimension 4. We apply the results of [S86] to 
obtain a minimal free resolution of Oc as Ops-module: 



1) Resolve Oc as an Ox-niodule by direct sums of line bundles on X 

5 

F*: Q^Ox{-^H + ZR)^Y^Ox{-iH + b,R)^ 



J20x{-2H + a,R) -^Ox^Oc^O 



2) Take the resolution C''(a), a, 6 G Z, of each of these line bundle as 
module. Then a mapping cone construction leads to a (not necessarily minimal) 
resolution of Oc as Ops-module: 



C'(-5)-Ec'"("3) 
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3) The non minimal parts of the mapping cone are related to submatrices of 
'0. Hence to determine the ranks of these maps we have to study ip. Then we 
obtain a minimal free resolution. 

Wc will sec that the matrix and the ranks of the non minimal maps in the 
mapping cone arc related to a certain number of special linear systems of type 
gl or .97- 

We will provide some results on scrolls and give a description how to manage 
the steps 1) and 2). 

1.3 Scrolls in general 

Let £ = 0{ei) © ... © 0{ed), ei > ... > > 0, be a globally generated, locally 
free sheaf of rank d on and let 

TT : F{£) P^ 

the corresponding P''^ ^-bundle. For / = Yl'i=i^i — 2 consider the image of P(f ) 
inP'-=Pi7"(P(f),Op(£)(l)): 

j : F{£) -^X ,r = f + d-l 

Then we call X a rational normal scroll of type S'(ei, e^)- X is a non- 
degenerate, irreducible variety of minimal degree 

deg X = f = r- d+l = codim X + 1 

in P''. 

If all > then X is smooth and j : ¥{£) — >X an isomorphism. Otherwise X 
is singular and j : P{£) -^X a resolution of singularities. The singularities of X 
are rational, i.e. 

j,Op^£) = Ox, R'j*Op^£) = for i > 

Therefore there is no problem to replace X by P{£) for most cohomological 
considerations, even if X is singular. 

Remark 1.3.1 (Geometric description of scrolls) A rational normal scroll X 
of type S{ei, ed) admits the following geometric description: Consider the 
Ci — th Veronese embedding of : 

7i : pi P'^' 

then the image Fg. is a rational normal curve of degree e^. Now we can embed 
the projective spaces P*^* in P'', r = + / — 1 = X]f=i(si + 1) ~ 1, as hnearly 
independent subspaces of P''. Identifying the curves Fg. with a common P^ we 
can take the linear span of corresponding points which leads us to the scroll X. 
If some of the e,; = the image Fg^ under the mapping 7,; is a single point, thus 
X becomes a cone with center spanned by all points Fg^ where e,; = 0. 
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1.3. SCROLLS IN GENERAL 



Now let us examine the Picard group of P(f ). First we denote the hyperplane 
class H = [j*Opr-[\)] and the ruling R = [tt^Opi (1)]. Then the following theorem 
contains the needed results: 

Theorem 1.3.2 (Picard Group ofV{£)) 

1) PicP(£) =ZH®ZR 

2) H'^ = /, H'^-^.R =1 andR^ = 

3) Kx = -dH + (/ - 2)R 

4) There exist basic sections (p, G {¥{£), Opt^£-,{H-e,R)) and s, t e H"{¥{£),Oi 
such that every section ip G H'^{¥{£), Op(^£-^{aH + bR)) can be identified with a 
homogeneous polynomial 

of degree a = ai + ... + ad in the Lp'^s and coefficients homogeneous polynomials 
Pa of degree 

degpa = aiei + ... + adCd + b 

5) For b > —1 the dimension /i°(P(£), Op(^£^{aH + bR)) does not depend on the 
type S{ei, Cd) of the scroll but only on its degree f : 

h^>{F{£), Op(,){aH + bR)) = f ^ '^f ^) + + I) ^-'l^) 
Especially /i°(P(£), Ov(£){H -R)):^ f. 

Proof. For 1), 2) and 3) see [S86] 1.2.-1.7.. Applying the Leray spectral se- 
quence we can calculate the cohomology of a line bundle Or(£){aH + bR) : 

W{r^,R'TT,Or(^£){aH + bR))=> H'+^ {¥{£), Or(£){aH + bR)) 

especially for a > and z = j = we obtain for the global section of C'p(£)(aiJ + 
bR): 

ifO(P(f ), Op(£)(ai7 + bR)) = i?0(pi, {Sa£){b)) 

Then there exist basic sections G {¥{£), Or (£){H — e^i?)) obtained from 
the inclusion of the z*'*— summand 

Opi ^ £{-ei) = 7r,Op(£)(i7 - e,R) 

Denote the global generators of {¥{£), Or{^£){R)) by s and i, then there is a 
natural way to identify a section iji G H'^ {¥{£), Op (^s){aH + bR)) with a polyno- 
mial in the way as claimed. The formula for the dimension /i°(P(f ), Op(^£){aH + 
bR)) is a direct consequence of this representation. ■ 
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Example 1.3.3 (X a scroll of type S{2, 1,1,1) in F^) Let X be a scroll of type 
S{2, 1, 1, 1) and F{£) the corresponding P^— bundle over P^, then there exist ba- 
sic sections </5o e i?°(P(f),Op(£:)(-ff-2i?)) and(/7i,(/?2,</33 & i?°(P(f ), Op(^;)(-ff- 
i?)). Especially the hyperplane sections 7?°(P(f ), Cp(£) (H)) of the scroll are gen- 
erated by xq = s'^ipo, Xi = stipo, X2 = t'^^o, X3 = sipi, X4 = tipi, xs = tip^. It 
follows that the 2x2 minors of the 2x5 matrix 



vanish on the scroll X. Moreover the following theorem says that they even 
generate its vanishing ideal. 

Theorem 1.3.4 Let X be a scroll of type S{ei, ...,ed) and 



i7"(P(f ), Op(£)(i?)) iJ"(P(f ), Op(£)(i7 - R)) ^ i/"(P(f ), Op(£)(i7)) 



i.e. Xij = P s'^^ ^Lpi, then the vanishing ideal Ix of X is generated by the 2x2 
minors of $. 

Proof. [S86] 1.6. ■ 

As we have already remarked at the end of the last section, wc want to 
resolve the line bundles C'p(£)(a-ff + bR) in terms of Opr— modules. From our 
definition of a scroll X we have 





XiQ Xii .. Xiei-l 
Xii X12 .. Xiei 



be the 2 x / matrix given by the multiplication map 



iJ°(P(f),Op(£)(i/))-ff' 



{X, Ox{H))=H\W,Or.{\)) 



If we further denote 



0{H -K)® Ovr 



Olr. and G = H°0{R)® Op- ^ Op 



then the multiplication map 



G®F 



Op.(l) 



in the theorem above induces a map 



$ : F(g)Op.(-l) 



G* (^Opr^G 



Now define the complexes 



by 




for <j <b 
for j >b+l 



19 



1.4. SCROLLS CONSTRUCTED FROM VARIETIES 



and the differential map 

rtb nb 

by the muhiphcation with $ £ H"{F* G (g) Opr(l)) for j 7^ & + 1 and A^* G 
if°(A2F* ® a2G0Op.(2)) for j = 6+1. 
E.g. For j < b the differential of a term 

/iA...A/j®gGH°(C)), 

with fi e (g) Op--(-l)), g G H°iSb-jG) is given by 

/i A ... A /, ® .9 ^ ELi(-l)7i A ... A .U A ... A /, (g> $(/,) • g 

Theorem 1.3.5 C''(a) /or 6 > —1 is the minimal free resolution of Ox{o.H + 
bR) as an Opr — module. 

Proof. [S86] 2.2. ■ 

It follows that the resolution of Ox is given by C°. This is the well known 
Eagon-Northcott complex with Betti table as follows: 















ii) 


2(D 




(/-i)(d 



/ 



1.4 Scrolls constructed from varieties 

In the next step, for a linearly normal embedded smooth variety V Cl?^ and a 
pencil of divisors (-Da)a on V, we construct a scroll X CP"^ such that V C X and 
further the pencil (£'a)a is cut out on V by the class of a ruling R on X. Assume 
that L» is a divisor on V with h° {V, Ov{D)) > 2 and h° {V, Ov{H - D)) = f > 
2. Furthermore let G C H'^ {V,Ov{D)) be the 2 dimensional subspace that 
defines the pencil of divisors (Da) a, then from the multiplication map 

G®H^ (F, Ov{H - D)) ^ iJ" (T/, Ov{H)) 

we obtain a 2 x / matrix $ with linear entries whose 2x2 minors vanish on V. 
It turns out that the variety X dW defined by these minors is a scroll of degree 
/, such that (£>a)a is cut out by the class of a ruHng R on X. Geometrically X 
can be obtained as the union of the linear spans of Dy. 



X = Uagpi^a C 
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Remark 1.4.1 (Scroll X constructed from a g\ on a canonical curve C) If 
\D\ is a base point free complete linear system of type g\ on C, then from the 
geometric version of Riemann-Roch we get 

dim D = dcg D - dim \D\ - I = d - 2 

and therefore the scroll X constructed from \D\ is (d— l)-dimensional. Let ^pkc 
denote the canonical map 

and 

the map which corresponds to \D\ . Then 

£:= {ip\D\)*Oc{l) 

is a locally free sheaf Opi(ei) © ... © Of.i{ed-i) and P(f) the P''"2-bundlc cor- 
responding to the scroll X. '¥{£) is a desingularisation of X and we obtain the 
following diagram: 

p(£:) *-p9-i 




The type 5(61, ea) of a scroll X constructed from a bascpoint free pencil 
of divisors D\ on a variety V can be determined by considering the following 
partition of r + 1 : 

do = h\V, Ov{H)) - h°{V, Ov{H - D)) 

di ^ h"{V, Ov{H - D j) - h°{V, Ov{H - 2D)) 

d, = h°{V, Ov{H - iD)) - h°{V, Ov{H - {i + 1)D)) 



In [S86] 2.5. the author shows that X is a do - 1 (= d - 2 for F = C C P^^^ 
and {D\)\ = g\ ) dimensional scroll of type 5(ei, ...,£^0) and the numbers Ci 
are given by the dual partition: 

e-i = #{j\dj >i}-l 
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1.4. SCROLLS CONSTRUCTED FROM VARIETIES 



Example 1.4.2 ( Canonical Curve C C F^) Let C C be a canonical curve of 
degree 3 and genus 4. Then C admits a divisor D of degree 3 with dim \ D\ = 1. 
From the geometric version of Riemann-Roch dim I) = 1, thus the pencil of 
divisors {D\)\ is cut out by trisecants on C. We denote the class of hyperplane 
sections in by H, that cuts out the canonical divisors on C. Then we get 

do = OciKc)) - h\C, Oc{Kc -D)) =4-2 = 2 
di = h°{C,Oc{Kc - D)) - h°{C,Oc{Kc - 2D)) = 2 - h°{C,Oc{H\c - 2D)) 

d2 = h\C, Oc{Kc - 2D)) - h\C, Oc{Kc - 'W)) = h'^iC Oc{Kc - 2D)) 
and 

= for z > 2 as deg(i^c - iD) = 6 - 3i < 

The value h'^{C, Oc{Kc ^ D)) gives the number of hyperplane sections passing 
through the points oi D. As they all lie on a line, it follows that there exist 
exactly two of them, and they intersect exactly in this line. If one of the hyper- 
planes Hq is tangent to C in all the points of D, then hP{C,Oc{Kc — D)) = 
hP{C, Oc{H\c - 2D)) = 1, otherwise we get h°{C, OciKc - 2D)) = 0. In sum- 
mary we obtain a 2-dimensional scroll X of type S{1, 1) or S{2,0) depending 
on whether there exists such a special hyperplane Hq or not. In the general 
case the corresponding P^-bundle P{£) is isomorphic to x P^ and C lies on a 
smooth quadric surface. 




Whereas in the more special case we have P{£) =P(C'ii.i(2) Opi) = P2, the 
second Hirzebruch surface, where the scroll X becomes singular. It is the cone 
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over a conic in P^. 




Our aim was to determine a minimal free resolution of Oc as Opg-i —module. 
We have mentioned that we want to do this in two steps. First we consider a 
resolution of Oc as 0p(£)-modulc. Then wc apply Theorem 1.3.5 that leads 
to a mapping cone construction, which gives us a (not necessarily) minimal 
resolution of Oc as Cpg-i —module: 

Theorem 1.4.3 Let C be a canonical curve C C P^^^ of genus g that admits 
a base point free g\. Further let X be the scroll constructed from the g\ as above 
and¥{£) the corresponding P"^"^ — bundle. Then 

1) C C ¥{£) has a resolution F^ of type 

^ Op(£)(-dff + (/ - 2)i?) ^ Ef=i'0p(£) ((-d + 2)H + bkR) ^ 

^ Y.lliOn£)i-'^H + auR) ^ Or(£) ^ Oc ^ 

with Pi = J and at, bk £ Z, ak + bk ^ f - 2, ai + ... + ap^_^ = 

2ff-12. 

2) F^ is self dual : 

Hom{F,,Ori£){-dH + (/ - 2)i?0) = F, 

3) If all bk > —1 then an iterated mapping cone 

r Pd-2 
... C^f-^\-d) ^ ^C'"=(-d + 2) 
fe=i 
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is a (not necessarily minimal) resolution of Oc as an Opg-i —module. 
Proof. [S86] Corollary 4.4 and 6.7. ■ 

From the existence of certain linear series on a canonical curve C one derives 
a nonsingular model C" C on a smooth rational surface S. Then the adjoint 
series \Ks + C\ embedds C canonically. If \Ks + C'\ is even base point free on 
S, we can consider the image S' under the map given by \Ks + C'\ . In some 
cases we have an analogue of the theorem above for the surface S' . Then from 
a minimal free resolution of S" it is possible to deduce information about the 
Betti numbers for C. We write down the most important results as can be found 
in [S86] Chapter 5: 

For H a sufficiently positive divisor on a rational surface S the image 5" of 
j : S ^ VH^{S, Os{H)) = P*" can be described as a subvariety of a scroll X. 
It will turn out that in the cases of our interest S' is a determinantal surface 
on the scroll X, i.e. its vanishing ideal is given by the 2x2 minors of a 2 x d 
matrix 

/ H-aiR ... H-OdR \ 
^ \H - {ai + k)R ... H-{ad + k)R) 

with entries in X. From this representation it is possible to obtain a free reso- 
lution of Os' as Ojf-module. 

This can be seen as follows: Let us start with a rational ruled surface 

TT : Pfc P(C'pi(A:)©C'pi) ^ P\ fc > 
and consider V := S the surface obtained from Pk via a sequence of blowups: 

By abuse of notation we denote the hyperplane class and the ruling of P^ by A 
and B and also their puUbacks to S. Further E = [J^Ei denotes the exceptional 
divisor of a. Let 

H r^dA + eB- Y^i^iEi 

be a divisor on S with base point free complete linear series | and consider 
the map 

j : S ^¥H"{S,Os{H)) 

with image S" C P''. 
Now suppose that 

1. h°{Os{H-B)) > 2 

2. H^{Os{kH - B)) = for A: > 1 and 

3. the map SkH^Os{H) H"Os{kH) is surjective. 



CHAPTER 1. BACKGROUND 



24 



Then we apply our construction from above to obtain a (c? + l)-dimensional 
rational normal scroll 

^ = UB;,e|B|^A 

Let TT : ¥{£) denote the corresponding P''-bundle and 5"' the strict trans- 

form of S' in P{£). Blowing up S further we may assume that S ^ S' factors 
through S" : 

S *- 5"^ ^ P'^ 




pi 

If the conditions 1. — 3. are fulfilled, then we can describe the syzygies of Os" 
in terms of ©^(f^-modules: 

Theorem 1.4.4 Os" has an Op(^£ymodule resolution of type 
with /3j = 

Proof. [S86] 5.1-5.5. ■ 

Especially in the cases of our interest, where we have d = 3, the resolution 
above is of the following type: 

^ Op(£)(-3i? + 6f ^i?) © Op(£)(-3iJ + b^^^R) 
^Or^£){-2H + b^^^R)®...®Ori^e){-2H + b^pR)^Ori£)^Os"^Q 

Further the map lo is given by a 2 x 3 matrix 

/ H-aiR ... H-asR \ 
^ \H - {ai + k)R ... H-{a3 + k)R) 

with entries in ¥{£) and the 2x2 minors of oj generate the vanishing ideal of 
S" C P(£:) (cf. [S86] 5.5.). 

The following important theorem due to Schreyer ([S86] Theorem 5.7) states 
that there also exists a partial converse of this result: Let AT C P'' be a scroll 
of dimension d+1 and tt : P{£) P^ the corresponding P''-bundle. Further let 
S" C V{£) denote the irreducible surface defined by the 2x2 minors of a matrix 
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w on F{£) as above, then the image S' of S" in P'" can be obtained as the image 
of a blowup of Pk = Opi [k) © Opi defined by a complete linear system H as 
above. We denote by A and i? the class of a hyperplane and a ruling on Pfc. 
Then with 

a = fli + ... + arf and / = AcgX 

we have: 

Theorem 1.4.5 S" C P'' is the image of Pk under a rational map defined by a 
subseries of 

H\Pu,Op,{dA+ {f - dk ^ a)B) 

which has 

S = df-^^^k-{d+l)a 

assigned base points. Furthermore, if S' C X C ¥^ contains a canonical curve 
C of genus r+1, then the ruling of X cuts on C a g^^2 '^'^'^ strict transform 
C of C in Pk is a divisor of class 

C" - (d + 2)A +{f -{d+l)k-a + 2)B 

and arithmetic genus 

p^C' = r + l + 5. 
Proof. [S86] Theorem 5.7. ■ 

We will use this important theorem to show that a curve C has a certain model 
on a blowup of Pu and therefore that there exist further special linear systems on 
C. We have already mentioned above that wc arc also interested in the converse, 
i.e. we start with a model C C Pk of C and want to give a description of the 
image S' of Pk under the mapping defined by the adjoint series. For this reason 
we have to show that this series is base point free and fulfills the conditions 
1. — 3. from above. We treat this problem in the next chapter. 
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Ampleness of the Adjoint series 

Let C" C X be a curve on a surface A", that has only singularities in the 
points pi, ■■■,Ps with multiplicity 2. After blowing up these singularities, we get 
a smooth curve C C S = X{pi, Now we are interested if certain linear 

systems on 5", especially the adjoint series \Kg + C\, arc very ample on S for 
i = 0, 1. There we call a linear system \L\ on a smooth projective surface 0— very 
ample if it is base point free and 1— very ample if it is very ample. We follow 
the approach of Roland Weinfurtner in his PhD thesis [W] that makes use of 
Rcidcr's Theorem (cf. [R88]) in a modified version: 

Theorem 2.0.1 (Modified version of Reider's Theorem) Let L be a line bundle 
on a projective surface X and > 5 + 4i. // \ Kx + L\ is not i—very ample then 
there exists an effective divisor D on X with L — 2D Q— effective (3n G : 
n(L — 2D) is effective) and a 0— cycle Z of degree < i + 1, where \Kx + L\ is 
not i~very ample and the following inequality holds: 

D.{L-D) <i + l 

Proof. [BFS89] Theorem 2.1. and [W] Theorem 1.2. ■ 

If C" has singularities in the points pi,...,Ps, an iterated blowup of X in 
pi, ...,Ps gives a desingularisation of C : 

S = X{p,,...,Ps)'^ ...^X{pi)^X 

Let a be the composition of the blowups ai and Ej :~ a*{al_i...(crj^{pj))...) 
the total transform of the exceptional divisor of the blowup of the point pj on S. 
Further C denotes the strict transform of C . Then from the adjunction formula 
we get 

LOsiC) (SOc=UJc 

and therefore 
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For X = or P2 let H denote the class of a hyperplane section and by abuse 
of notation also its puUback to S. R denotes the class of a ruling on P2. In the 
case X = Pi X Pi wc have Pic(pi x P^) = Z ■ (0, 1) ©Z-(l, 0) with factor classes 
(0, 1) and (1,0). Again by abuse of notation we also denote its puUbacks to S 
by (0, 1), (1, 0). Then intersection theory gives the following theorem: 

Theorem 2.0.2 The Picard group Pic(S) is generated by the pullback a*Pic{X) 
of the Picard group of X and the exceptional divisors Ej as defined above. Fur- 
ther 

1) E] = 1 

2) Ei.Ej ^0 fori^j 

3) T.Ej =0 forT € a* Pic{X) 

4) a) = 1 for X = P2 

b) = 2, H.R = and R.R = for X ^ P2 

c) (0, 1).(0, 1) = (1, 0).(1, 0) = and (1, 0).(0, 1) ^ I for X ^ x P\ 
Proof. [Hs77] V.3.2. ■ 

If C" has only ordinary nodes, then all exceptional curves Ej are irreducible 
and intersect the strict transform C of C" in exactly two points. For chark / 2, 
a singularity of multiplicity 2 is always of analytical type —x'' = with k > 2. 
If there exists such a singularity with fc > 4, for example if C has a tacnode: 




then blowing up X we get the following picture: 
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where the strict transform C of C under the first blowup cti still has a double 
point lying on the exceptional divisor Ei . Blowing up in this double point again, 
we get a smooth curve C that intersects the total transforms Ei and E2 in 
exactly two points. In this situation Ei decomposes into the strict transforms 
E[ and E'2 and E2 = E2 is irreducible. Therefore it is useful to state the 
following definition: 

Definition 2.0.3 (infinitely near points) A point pj is called infinitely near to 
another point pt if and only if pj lies on the strict transform of the exceptional 
divisor in the blowup of pt. 

We assumed that C has only double points as singularities. Then for the 
strict transform C^*) C X{pi, ...TPi) of C" under the blowup cr'*^ := (7; o ... o cti 
there are several possibilities: One is that C'*-* meets the exceptional divisor 
:= a~^{pi) transvcrsally in two distinct points. The second is that C'*-* 
meets E'^*' in one point P, with C^*^ nonsingular in P, but C''-* and E'''^ having 
intersection multiplicity 2 at P. The third possibility is that C'*^ has a double 
point P on E^*^ (see the example above). In this case must pass through 
P in a direction not equal to any tangent direction of P, since CW.eW = 2. It 
follows that for each point pi there exists at most one further point pj, j > i, 
that lies infinitely near to pi. From our definition of the total transforms Ei 
above, it turns out that Ei =a~^{(jj\...{aj^{pj))...). 

At any time the total transforms contain exactly the strict transforms as compo- 
nents and they are all irreducible if and only if none of the points pj is infinitely 
near to another point Pi. To be more precisely the strict transforms E'i are 
inductively given by 

K 



= Es 

= Es-i — 5s-i,sEs 

— Es-2 — ^s-2,s-l-E's-l — 5s-2,sEs-2 
= El — J2i=2^l4^i 



with 

_ J 1 if is lying on E- in Xs-i 
" \ else 

Therefore we obtain a decomposition Ei = J2k=i^kE'i,, Sk = 01 1, of Ei as 
sum of irreducible components. In our situation, this decomposition is given as 
follows: If there exists a maximal chain of points pi, , such that pi^k+i 

lies infinitely near to Pi+k for fc = 0, /c^ — 1 and pi docs not lie infinitely near 
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to any other double point pj, then 




El+, + ...+El 



'i+k 



El 



'i+k 



Especiahy in the case where pi is an ordinary double point of C we have Ei = E[. 
Further, wc sec that each strict transform E[ can be written in terms of the total 
transforms, and E[ = Ei iff Ei is irreducible and E[ ~ Ei — Ei+i iff pi+i lies 
infinitely near to pi . 

The strict transform C of C" is a divisor of class 



and therefore the adjoint series is given by an effective divisor linear equivalent 



to Ks+C ~ (J*A-J2UiEi, A e Pic(X) . Let L' ~ a*^-J2Ui>'iE^' ^ G Pic{X) 



be an effective divisor on S, then assuming that > 5 + Ai, L L' — Ks, 
Reider's Theorem says that \L'\ is i— very ample if we cannot find an effective 
divisor D - a*T - J^Ui^'^^i^ ^ ^ Pic(X) on S, such that L - 21) is Q-cffective 
and D.{L — D) > 2+i. Under the assumption < Ai < ... < As < 2, it is possible 
to restrict to a very manageable set of divisors D. We start with a divisor D 
as above that fuUfills D.{L — D) < 2 + z, then after several modification steps 
we get a divisor D with = or 1, such that L — 2D is also Q-effective and 
b.{L -D)< D.{L ~D) <2 + i: 

Lemma 2.0.4 Let X be a surface, L' - cr*S; - Yln=i^iEi, S e Pic(X), < 
Ai < ... < As < 2, an effective divisor on the iterated bloivup S = X{pi, ...,Ps) 
as above and = [L' — Ks)^ > 5 + 4i. // there exists no effective divisor 
D - cr*r - J2t=i(^^Ei, r e Pic(X)\{0}, a, G {O, l}, or D - El on S, such 
that L — 2D is Q-effective and D.(L — D) < 1 + i, then \L'\ is i-very ample on 
S(i^Q,l). 

Proof. According to Reider's Theorem we have to assure that there exists no 
divisor a*T - J2i=i^^^i^ ^ ^ Pic(X) on S, such that L - 2D is Q-cffective 
and D .{L — D) < 1 + i. For F ~ the only effective divisors are sums of the 
strict transforms E'^. The calculation in (i) and (ii) below shows that we can 
restrict to a single E'^. 

For F 7^ 0, we start with an effective divisor D (t*F — J2i=i^iEi, P G 
Pic(X) on S, such that L - 21) is Q effective and D.{L- D) < 1 + i. In the first 
step we will show that we can restrict to those divisors D with ai > 0. 

1st Modification step: If some of the coefficients ai are negativ, then we aim to 
modify D to an effective divisor D ^ (j*T — J2i=i^iEi with > for all i. In 



C r^a*C' -J:U2E, 
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each step we have to assure that D.(L — D) < D.{L — D). This is done in the 
following way: If none of the at is negative, there is nothing to do. Otherwise 
let j be the maximal index with aj < 0. If Ej is irreducible we have Ej = Ej 
and in this situation we set D := D — Ej. In the case where Ej is reducible 
we have Ej = Ej — Sj+i- Here we consider D D — {Ej — Ej+i). Because 
of E'-.D = aj < the strict transform E'- is a component of D, hence D stays 
effective. The second condition is satisfied if 

(i) 

D.{L - D) < D.{L - D) 

^{D- Ej).{L -D + Ej) < D.{L - D) 

^ 2D.Ej + 1 - L.Ej < 

^ 2aj - {Xj +!) + ! = 2aj - Xj < 

and 
(ii) 

D.{L - D) < D.{L - D) 

^{D- {Ej - Ej+,)).{L -D + {Ej - Ej+,)) < D.{L - D) 
^ 2D.{Ej - Ej+i) + 2- L.{Ej - Ej+i) < 
^ 2{aj - a-j+i) + {Xj - Xj+i) + 2 < 0. 

As Ai > the condition (i) is always fulfilled and because for A^- < Aj+i also 
condition (i) is given. Now the following sequence of modification steps leads us 
to an effective divisor D ^ a*V — X]i=i'5i-E'i with fii > for all i : If Ej = E'j 
we can substract the divisor E'j \aj\ times to get a divisor D ^ (7*T — '^'^^^diEi 
with ai >0 for i < j. 

In the case E'j = Ej — the situation is a little more complicated: For 

Q^j+i ^ {(^jl we can substract E'j aj+i + 1 times to get a divisor D with 
ai > for i < j. Otherwise D ^ D — {ctj+i + ^)E'j has a negative coeffi- 
cient cij+i = ctj+i ^ (o^j+i + 1) = ^1- Now we have to apply some correction 
steps to assure that D has non negative coefficients ai for i > j : 

a) Ej+i irreducible: Wc substract to get an effective divisor D with > 
for all i > j, such that we can go on with our procedure. 

b) E'jj^^ = Ej+2 — Ej+i reducible: We substract -E^+i first to get > 0. If 
aj+2 becomes negative in this step, we apply one further correction step of type 
a) or b) and so on. This chain of steps stops with the last exceptional divisor 
Eg = E'g, which is irreducible. 

Now we continue with the divisor D = D which has non negative coefficients 



31 



2.1. ADJOINT LINEAR SERIES ON BLOWUPS OF 



ai for i > j — I. After finitely many steps we obtain an effective divisor D with 
only non negative a,;. 

End Modification step: The following consideration shows that we can even 
restrict to those divisors D with = or 1 : Starting with a divisor D with 
non negative ai, we consider D with ai = min(ai, 1). D is again effective, as 
we have only added multiples of the exceptional divisors Ei . It remains to show 
that (D + Ei).{L -{D + E,)) < D.{L ~ D) for all i with ai > 2, which is true 
for Ai < 2 because of 

(D + Ei).{L - {D + Ei)) = D.{L - Z?) + 1 + L.Ei - 2Ei.D 

= D.{L - D) + 2 + X,- 2a, = 
= D.{L -D) + Xi - 2{ai - 1) < D.{L - D) 



Now assume that \L'\ is base point free and d = dim|_L'| > 3, then we 
can consider its image S' under the morphism defined by this complete linear 
system 

Our aim is to show that for certain linear systems the image S' is an arithmeti- 
cally Cohcn-Macaulay surface. In the case where X = and L' ~ dH —J^t^iEi 
these surfaces are called Bordiga surfaces. Wcinfurtncr gives in his PhD thesis 
[W] a complete description of them. We arc interested in the following linear 
systems: 

2.1 Adjoint linear series on blowups of 

As we have mentioned before we have to examine the case where C is an 
irreducible, smooth, canonical curve of genus 9 that admits a plane model 
C" C P^ = AT of degree d = 7. C" has singularities of multiplicity 2 in exactly 
s = ('^9^) —9 = 6 points pi, ...,P6- Blowing up these singularities 

a:S^X{p,,-,Pe)^.-^X{p,)^V^ 
we can assume that C is the strict transform of C" and 

C^7H- Eti'^E, 
its canonical system is cut out by the complete linear series \L'\ \C + Ks\ = 
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Theorem 2.1.1 Let S be the iterated blowup of 6 points pi,...,pQ on and 
C ^ 7H — X)i=i2£'i o,n irreducible, nonsingular curve on S, then the adjoint 
linear series \C + Ks\ = |47J — '■^ ^"-^^ point free. It is very ample on 

S if and only if none of the points pi lies infinitely near to another one. The 
image S' C of S under the morphism defined by \C + Ks \ is arithmetically 
Cohen- Macaulay. Furthmermore if two of the points pi are infinitely near, then 
S' has only isolated singularities that are contractions of strict transforms E[ ~ 
E'i — Ei+i. 

Proof. For L := L' - isTs ~ C" we get > 49 _ 24 = 25 > 5 + 2 • 1, hence 
the first condition of Lemma 2.0.4 for \L'\ to be i-very ample (i = 0, 1) is ful- 
filled. We call an effective divisor D i— critical if L — 2D is Q— effective and 
D.{C — D) < 2 + i. Then according to Lemma 2.0.4 it remains to consider D to 
be one of the following three types: 

(a) D - Ek for a fc G {1, ...,6}. 

(b) D^Ek-Ek+i fee {!,... ,6}. 

(c) D ^ eH — with e > 1 and at ~ or 1. 

As Ek.{C — Ek) — 3 > 2 + j there exists no critical divisor of type (a). 
If two points pk and Pk+i arc infinitely near, then there exists an effective divi- 
sor of type (b) and because of {Ek — Ek+i).{C — {Ek — Ek+i)) = 2, this divisor 
is 1— critical. For a divisor of type (c) to be i— critical we can restrict to e < 3 
as L — 2D has to be Q— effective. Let 5 = if{ai : a.; = 1}, then 

D.{C -D) =e{7 -e)-5 < 3 

if and only if e 1 and (5 > 3. In this situation we would get D.C < — 1 
and therefore D and C have a common component, which contradicts to our 
assumption that C is irreducible. In summary, there exists at most 1-critical 
effective divisors D, which is exactly the case if two points pk and pi are infinitely 
near. According to Lemma 2.0.4, the map 

^ . s l^tf^l s' c P« 

defined by the adjoint series is base point free. The following arguments show 
that is even very ample outside the finite union A = Ua-^-^ °f 1— critical 
critical divisors (being of type Ek — Ek+i). With U := S\A, this is exactly 
the case iff \L' — Ep\ is base point free for all p & U, where Ep denotes the 
exceptional divisor of the blowup oi p € S. We want to apply Lemma 2.0.4 to 
\L' - Ep\ . This is possible as {7H -J2t=i'^E,-2Ep)'^ = 49-28 > 5. A 0-critical 
divisors D = D' — ctpEp for \L' — i?p|, aj, = or 1, has to satisfy the following 
inequality: 

D.{L - D- 2Ep) <1^{D' - apEp).{L - D' - {2 - ap)Ep) < 1 

D'.{L - D') - ap{2 -Op) <l 
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Because of D'.{L — D') > 2 this is only possible if = 1 and D.{L' — D) = 2. 
But then p ^ D and D is a divisor of type Ek — E^+i, which was excluded. 

Thus the effective divisors of type Ek — Ek+i are contracted by the morphism 
ip, whereas (p is very ample on U. The surface S' is called a Bordiga surface. It 
is smooth iff none of the points pi is infinitely near to another one and it has 
isolated singularities otherwise. 

It remains to show that S" is arithmetically Cohen-Macaulay. For this pur- 
pose we aim to find a smooth hyperplane section on S' , that is arithmetically 
Cohen-Macaulay. As a direct consequence S' is then arithmetically Cohen- 
Macaulay, too (see Lemma 2.1.3 below). S' has only isolated singularities and 
therefore we can find a smooth hyperplane section F applying Bertini's Theo- 
rem. F is obtained from an element of the linear system = 47? — 

on S" = P2(pi,...,p6). Hence we get deg(F) = {iH - Y.]=iE]f = 10 and 
5(F) = ('*2^) = 3. It follows that C := Or(l) is very ample on F. From the 
exact sequence 

{S' is rational) it follows that F is embedded projectively normal by £. Then 
the two following lemmas show that F and therefore also S' is arithmetically 
Cohen-Macaulay. ■ 



Lemma 2.1.2 Let X C P" be a d-dimensional connected variety, then X is 
arithmetically Cohen Macaulay if and only if 

1) H\V",Ix{m)) = for all m € Z and 

2) 77'(P",Ox(m)) = for all i^O,d andmeZ 

Proof. [E95] page 472 Ex. 18.16 ■ 

Then the following well known lemma can be obtained from this properties: 

Lemma 2.1.3 Let X"^ C P", d > 2, be an irreducible variety of dimension d, 
then X is arithmetically Cohen-Macaulay iff there exists a hyperplane section 
F = P"-i nX C P" that is arithmetically Cohen-Macaulay. 

Proof. " " Consider the exact sequence (51*) 

O^Ix{m-l) ^ Ix{m) ^ Ir{m) 

then H^(r,Tr{m)) ~ for all m G Z as F is arithmetically Cohen-Macaulay. It 
follows that 

h^{X,Ix{m - 1)) > h^{X,Ix{m)) 
From the exact sequence (5*2*) 

O^Ix{m) Op.(m) Ox{m) 
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we obtain the corresponding long exact sequence {LS2*) 

... ^ H^X.Oxim)) ^ H\X,Ix{m)) ^ H\r\Or^{m)) = Q ^ 
^ H\X,Ox{m)) ^ H\xax{m)) ^ ... 

and from 

^ C'x(-l) -^Ox^Ov^O 

the long exact sequence 

^ H\X, Ox(-l)) ^ H\X, Ox) H°{r, Or) 

As X is irreducible and reduced we get H^{X, Ox) — and thus H^{X, Ox) ^ 
-fr°(r,Or) is the restriction of constant functions on X to C. Further we have 
H°lx, Oxi-1)) = and H°{X, Oxim)) = for all negative values to. Together 
with h^{X,Jx{m - 1)) > h^{X,lx{m)) we conclude that H'^{X,Ix{m)) = 
for all TO. This shows 1) in the lemma above. For 2) we look at the sequence 
[LS2*) again: To determine the group H^{X,Ix{'m)) consider the long exact 
cohomology sequence 

... ^ = H\r,Irim)) ^ H^{X,Ix{m - 1)) ^ H^{X,Jx{m)) ^ ... 

and use Serre's vanishing theorem that says that H^{X,Tx{m)) = for to ^ 
to see that H'^{X,Tx{m)) = for all m. Applying this result to LS2* leads to 
H^X, Oxim)) = for all to e Z. 

" =^ " 2) is trivially fulfilled, so that it remains to show that iJ^(r,Xr(™)) — 
for all TO G Z. Consider the long exact sequence corresponding to (51*) : 

... ^ H^{X,Ix{m)) H^{T,Ir{m)) ^ H'^{T,Ir{m - 1) ^ ... 

The first group is as X is arithmetically Cohen-Macaulay and H^(r,2r{m — 
1) = 0, which follows from 

= H\X,Ox{m-l)) H^{X,Ix{m-l)) H^i^'^ ,Ovr^{m - I)) = 

thus i/i(r,Jr(TO)) = 0. ■ 

Remark 2.1.4 For C an irreducible plane curve of degree 7 having exactly one 
triple point pq and three doublepoints pi, ...,P3 as only singularities, we consider 
the blowup in these singularities and the strict transform C ^ 7H — 3Eq — 

Y.l^i'^E, of C. Then the adjoint linear series \L'\ = 4H - 2Eq - Yfj^i^j 
is base point free (see [W] page 35/36 with the same methods as above) on 
S = P^{po, ■■■iPs) if there exists no effective divisor D ^ H — — J2i=i ^i- 
But this follows easily from D.C < and the irreducibility of C. Therefore we 
obtain a morphism 

from \L'\ and ip is even very ample outside the union of all effective divisors D 
of the following types: 
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H — Eq — J2jeA^j^j % = or 1 and |A| = : = 1} = 2. 

Ei-Ei+i for I e {1,2,3}. 

The existence of effective divisors D of these types are given in the situation 
where one triple point and two of the double points are lying on a line or two of 
the double points are infinitely near. Outside the finite union of these critical 
divisors ip is very ample and thus the image S' of S under the morphism <p is a 
surface with only isolated singularities, such that we can find a smooth hyper- 
planc section F applying Bertini's Theorem. F is obtained from an element of 

the linear system \L'\ ^ AH - 2Eo - J2^j=iEj on S = P'^ipa, ...,^3). Thus we 

get deg(F) = {AH - 2Eq - Y.]=iEjf = 9 and <?(F) = (^3^) = 3. It follows that 
L :— Or(l) is very ample on F and F is embedded by L projectively normal, 
hence F is arithmetically Cohen-Macaulay. Then the surface S", which is called 
a Castelnuovo surface is arithmetically Cohcn-Macaulay, too. 
Furthermore it is possible to generalize our above results, especially in the case 
where C is an irreducible plane curve that has a singular point pi of multiplicity 
m > 3 and further double points as only singularities. We remark that in the 
situation where C has a quadruple point, it is possible to obtain an effective 
divisor of class Ei— E2~ E3. This happens exactly in the case where two double 
points are lying infinitely near to the quadruple point. Then one has to check 
if this divisor is z — critical. 



2.2 Adjoint linear series on blowups of 



X 



&1 



In the section about pentagonal curves we consider canonical curves C of genus 
9 that admit two distinct linear systems of type g^. From these linear systems 
we get a model C" C x P^ =: X of C, which is a divisor of class (5, 5) on 
Pi X Pi. C has s := Pq(C') - g{C) = 4-4-9 = 7 double points pi, ...,p7 as 
only singularities. Blowing up X in these singular points we can assume that C 
is the strict transform of C on the blowup 



cr : = ...,P7) 



Then C 
\Ks + C\ 



(5,5) — J2i^i'2Ei and its canonical series is cut out by \L'\ 
(3,3)-ELi£^. 



As in the previous section we want to apply 



Lemma 2.0.4 again to show that \V\ is z— very ample: 



Theorem 2.2.1 Let S be the iterated blowup of 7 points pi, ■■■,P7 on P x P 

and C ^ (5,5) — Sl=i2^i irreducible, nonsingular curve on S, then the 



adjoint linear series \C + Ks\ = (3, 3) — Y^l^iE, 



is base point free. It is very 
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ample on S if and only if none of the points Pi lies infinitely near to another 
one. Furthermore the image S' C T'^ of S under the morphism defined by 
\C + Ks\ is arithmetically Cohen- Macaulay. If there exist two infinitely near 
double points then S' has isolated singularities that are contractions of strict 
transforms E'^ ^ Ei — 

Proof. For L := L' - Ks ~ C we get =50 - 28 > 5 + 4i for i = 0, 1 and from 
Theorem 2.0.4 it follows the i— very ampleness of \L'\ iff there exists no i-critical 
effective divisor D, such that L — 2D is Q— effective and D .{C — D) < 2 + i. As 
above for X —F'^, wc have to distinguish three types for D : 

(a) Dr^Ek forafcG {!,..., 7}. 

(b) D^Ek-Ek+i for fc e {!,..., 6}. 

(c) D - (a, 6) - ELi"»^« ■^itl^ a, = or 1 and (a, b) £ Pic(pi x P^)* 

A divisor of type (a) cannot be i— critical as E^-iC — E^) = 3 > 2 + i. Further 
there exists an effective divisor of type (b) exactly if two of the points pi, ...,P7 
are infinitely near. In this situation every such divisor, which can be written as 
difference of two total transforms Ek and Ek+i is 1-critical but not 0— critical 
because of {Ek - Ek+i).{C - {Ek - Ek+i)) = 2. Now let D ~ {a, h) - ELi^.-B, 
be a 1— critical divisor, then from the condition that C — 2D is Q-effective we 
can restrict to a, 6 < 2. As above we denote 5 = if{ai : ai = 1}, then the 
condition D.{C — 2D) < 2 transforms into: 

2 > ((a, b) - ELi«'»-E0-((5 - a, 5 - fe) - ELi(2 " a^)E^) = 
= a(5 -b) + b{5 - a) - ELi"'(2 - = 5a + 5b - 2ab - S = 
= D.C + 6-2ab>0 + 6- 2ab 
^ 5 <2ab + 2 

We remark that the inequality D.C > is a consequence of the irreducibility of 

C. Therefore we get 

D.{C - D) = 5a + 5b-2ab-5>5a + 5b-4:ab~2 

In the case a = or 6 = we obtain D.{C — D) > 5 — 2 = 3. For a = 1 
we have D.{C — D) > 5 + 6 — 2 > 3 and the same for 6 = 1. If a = 2 then 

D. {C - Z?) > 10 - 3fe - 2 > 5 for = 0, 1. In the case a = = 2 we use the 
inequality D.{C-D) > 5a + 5b-2ab-S > 12-5 > 5. The same holds for b = 2. 
In summary we have seen that there exists no 0-critical divisor and the only 
1— critical are exactly the divisors of type (b). Now with the same arguments as 
in the "P^ case" it follows that \L'\ is base point free and even very ample outside 
the finite union of divisors of type (b). Further the image S' C P'* of S* under 
the morphism ip defined by \L'\ has only isolated singularities. Due to Bertini's 



Theorem we can find a smooth hyperplane section F G 



(3,3) -Eli^^. 



with 



deg(r) = ((3,3)-ELi-E,)2 = lland.g(r) = 2-2 = 4. It follows that £ Or{l) 
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is very ample on T. Then the same arguments as above show that F is embedded 
by C projectively normal, hence F and therefore also S' is arithmetically Cohen- 
Macaulay. ■ 



2.3 Adjoint linear series on blowups of P2 

Later on we will see that from a g\ of higher multiplicity (for the definition 
we refer to Chapter 4) on a canonical curve C of genus 9, wc get a model 
C" c P2 = P(0(2) ®0) X of C, that is a divisor of class 5iJ on P2. C 
has pa{C') — g{C) = 4 ■ 4 — 9 = 7 double points pi, ...,P7 as only singularities. 
In the case of our interest C has no intersection with the exceptional divisor 
E H — 2R on P2 . Blowing up X in the singular points we can assume that 
C is the strict transform of C in the blowup 



a:^ = X(pi,...,p7)^...^X(pi)^P, 



2 



Then C ^ 5H — X]J=i2-E'i and its canonical series is cut out by \L'\ 
\Ks + C\= 3A- ELiEi 



. The following theorem can be obtained in anal- 



ogous manner as the main theorems in the last two sections: 



Theorem 2.3.1 Let S be the iterated blowup of 7 points pi,...,pi on P2 and 
C 5H — '^Zi^i'^Ei an irreducible, nonsingular curve on S, then the adjoint 

linear series \C + Ks\ ~ 3H — X]I=i-^j base point free. The image S' C 
of S under the morphism defined by \C + Ks\ is arithmetically Cohen- Macaulay 
and the only singularities are contractions of the exceptional divisor E ~ H — 2R 
and strict transforms E[ ~ Ei — Ei^i in the case where Pi+i lies infinitely near 
Pi- 

Proof. With L := L'-Ks - C we have ^ 50-28 > 5 + 4i for i = 0, 1. From 
Theorem 2.0.4 it follows the very ampleness of \L'\ iff there exists no i-critical 
effective divisor D, such that L — 2D is Q— effective and D.{C — D) < 2 + i. As 
above for X = or x , we have to distinguish three types for D : 

(a) D - Ek for a fc G {1, ...,7}. 

(b) D^Ek- Ek+i for k e {1, 6} 

(c) D ^ aH + bR- ELi"*-^* ^i^^i a; = or 1 and aH + bR€ Pic(F2)*, thus 
a > and b > —2a. 

In complete analogue to our arguments above, a divisor of type (a) cannot 
be i— critical and an effective divisor of type (b) exists if and only if two of the 
points pi, ---,P7 are infinitely near. In this situation Ek — Ek+i is 1-critical but 
not 0— critical. Now let D ~ aH + bR — Yii=i'^i-^i ^ 1— critical divisor, then 
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from the condition that C — 2D is Q-effective we can restrict to a < 2 and 
b < [^J . Let (5 = #{a^ : = 1}, then from D.(C - < 2 we conclude: 

2>{aH + bR- ELia^^0-((5 - a)H - bR - ELi(2 - a^)E^) = 
= 2a(5 — a) + 6(5 — a) — ab — ^ '^i) = 

= 10a + 5& - (5 - 2a{a + b) = D.C + 5- 2a{a + b) > 5 - 2a{a + b) 
^5< 2a{a + b) + 2 

Therefore it follows that 

D.{C -D) = 10a + 55 - 2a(a + 5) - (5 > 10a + 56 - 4a(a + 6) - 2 

In the case a = we obtain D.{C — D) > 5b — 2 > 3 and for a = 1 we have 
D.{C - D) > 4 + 6 > 2 and D.{C - D) = 2 ^ D ^ H ~ 2R. li a = 2 then 
-D.(C — D) > 2 — 36 > 5 for 6 < 0. It remains to discuss the cases a = 2 and 
5 = or 1 : Here we use the inequality D.{C — D) — 10a + 56 — 2a(a + b) — 5 > 
12 + 6—5 > 5. In summary we have seen that there exists no 0-critical divisor and 
the only 1— critical are exactly the divisors of type (b) and the exceptional divisor 
E ^ H — 2R on P2- From the same arguments as in the "P^ case" it follows that 
\L'\ is base point free and even very ample outside the finite union of divisors of 
type (b) and the exceptional divisor E. Further the image S' C of S* under 
the morphism defined by \L'\ has only isolated singularities. Due to Bertini's 

Theorem we can find a smooth hyperplane section F G 3iJ — X]I=i^i with 

deg(F) = (3F - Y.l=iEt? = 11 and g(T) = 2 • 2 = 4. It follows that £ Ot{1) 
is very ample on F and that F is embedded by C projcctively normal, hence F 
and therefore also 5" is arithmetically Cohen-Macaulay. ■ 



In the situation where C has infinitely near double points we will show in 
Section 4.6.2 that it is possible to separate these points, i.e. there exists a one 
paramter family of curves having only ordinary nodes. For this purpose we 
will provide a further result here. We recall that E[ denotes the strict transform 
of the point pi in the iterated blowup of all singular points. Now let pj be 
infinitely near to and 



5(6' =X(pi,...,p6) 



the iterated blowup in the points pi, ■■■,P6. The following theorem then states 
that the hnear system \L'\ = 5H - Y.l=i'^E, is very ample on S'^^\{[f^^^E[ U E). 

With L:= L'- Ks J^Li^E, we get ^ 98 - 54 - 1 > 5 and therefore 

the first condition to apply Lemma 2.0.4 to \L'\ is fulfilled. 



Theorem 2.3.2 Let S be a surface as in Theorem 2.3.1 above. Then the com- 
plete linear series \L'\ := 5H — X^i'^i^-E'i is very ample on S\{[J'^j^^-^^E^ U E). 
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Proof. The base point freeness of on S'^^^ follows if there exists no 0-critical 
effective divisor D. As above we have to distinguish three types for D : 

(a) D ^ Ek tor a. k <E {1, ...,6}. 

(b) D^Ek-Ek+i for A: e {1,...,5} 

(c) D ^ aH + bR- ELi"^-^* with = or 1 and aH + bR e Pic(P2)*, thus 
a > and & > -2a. 

It is easy to check that for every divisor D of type (a) or (b) wc get D.{L—D) > 2. 
Assume that D ~ aH + bR — Yii=i'^i^'i ^ 0— critical divisor, then from the 
condition that L — 2D is Q-effective we can restrict to a < 3 and b < [-^^J < 3. 
On S*'^^ the curve C is a divisor of class 5H — Yl^=i'^^i that has exactly one 
double point as only singularity. Let 5 = =f^{ai : a; = 1}, then wc conclude: 

D.{L -D) = 2a{7 - a) + b{7 - a) - ab - ELi"43 - a^) = 

= 14a + 7& - 2(5 - 2a(a + b) ^ D.C + 4a + 26 - 2a(a + 6) > 
> 2(2a + fe) -2a(a + 6) 

For a = we get D.{L - D) > 26 > 2 and for a = 1 : D.{L - D) > 2. In 
the cases a = 2, 3 we must have —6 < —2a < 6 < 2. Thus if a = 2 and 6 < 
then D.{L - 2D) > -2b > 2 and for a = 2, 6 > we get D.{L - 2D) = 
D.C -2b = 10a + 36 - 2(5 > 20 - 12 = 8. In the situation a = 3, 6 < -2 we 
obtain D.{L — 2D) > —6 — 46 > 2 and for a = 3,6 > —1 this inequality also 
holds because of D.{L - 2D) = 10a + 36 - 25 > 30 - 3 - 2(5 > 15. In summary 
we have seen that there exists no 0-critical divisor, hence \L'\ is base point free 
on 5(6). 

Now let p €zS^^\{[J^^^E'^ U E) be an arbritrary point. The very amplcness 
of \L'\ on S'(^^(U.Ll^^ U E) follows if \L' - Ep\ ^ hH - ELi^^* " is 
base point free on the blowup Sp :— S^^^p) with exceptional divisor Ep. With 
Lp := L' - Ks^ r^lH - ELi^^^* - 2£^p we still have ^ 98 - 54 - 8 > 5, 
such that we can use Lemma 2.0.4 again. A 0-critical divisors D for \L' — Ep\ 
has to satisfy the following inequality: 

D.{L' - D-Ep) D.{L' - D)- Ep.D < 1 

Because of Ep.D < 1 and D.{L' — D) > 2 this is only possible if Ep.D = 1 and 
D.{L' - D) = 2. Then pG D with D a strict transform E'^. = Ek - Eu+i or D 
the exceptional divisor E, which was excluded. ■ 



CHAPTER 3. CURVES C WITH CLIFFORD INDEX CLIFF(C)<2 



40 




Curves C with Clifford index Cliff(C)<2 



3.1 Trigonal Curves 

If C is a canonical curve of genus 9 and Cliff (C) = 1 , then it follows the existence 
of a g2r+i with r S {1, ...,6}. As the Brill Noether dual of a (72r+i of type 
9i5-2r^ can restrict to the existence of a gl, gl or g^. The existence of a g^ is 
not possible as a plane curve of degree 5 has geometric genus less or equal than 
(2) = 6 < 9. Further Castelnuovo inequality gives a boundary for the genus of 
space curves of degree d > 3 (cf. Theorem IV 6.4 in [Hs77]): According to this 
theorem we must have g = 9 < ^{(P — 1) — + 1 for odd degrees d. As d ~ 7 
does not fullfill this inequality wc can omit the possibility of the existence of a 
(7y. Hence, it follows: 

Corollary 3.1.1 Let C C be a canonical curve of genus 9 that has Clifford 
index Cliff (C) = 1, then C is trigonal. 

We will repeat the main results as can be found in [S86] Section 6.1.: A trigonal 
canonical curve of genus g is contained in a 2— dimensional scroll X C P^~^: 

of type 5'(ei, 62) and degree / = 61+62 = 5 — 2 (see Section 1.4). Because of 
A.eg{Kc — nD) = 25 — 2 — < for n > ^^g^, for the values 6^ we get the 
following bounds: 

> 61 > 60 > 

3 - 1 - ^ - 3 

Further C is a divisor of class 3H - {f - 2)R on X (cf. Theorem 1.4.3). The 
mapping cone 

Cf~^{-3)^C° 

is a minimal resolution of Oc as an Opg-i -module and therefore the scroll X and 
hence gl is uniquely determined by C for a trigonal curve. For g{C) = 9 we get 
the minimal free resolution of Oc from the following mapping cone construction 
with F = Ov(£){H -R)^ and G = Ov(e){R) = Ops (cf. Section 1.3): 
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There exists no non-minimal map. thus it follows 

Theorem 3.1.2 Let G C &e an irreducible, canonical and non hyperelliptic 
curve of genus 9 that admits a g^. Then the Betti table for C is given as follows: 
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3.2 Tetragonal Curves 

For a canonical curve G of genus 9, from the property of having Clifford index 2 
it follows the existence oi a. g\. This can be seen as follows: From the existence 
of a we get a plane model of G that has exactly (2) ~ 9 = 1 doublepoint 
as only singularity. Projection from this point leads to & g\. In the case where 
C admits a p|, we get a space model G' for G of degree Z = 8. If G' has a 
singular point, projection from this point leads to a with d < 6. Otherwise 
according to a theorem of Castelnuovo (cf. [IIs77] IV Theorem 6.4), it follows 
from g{G') = 9 = jP — I + 1 that G' is contained in a quadric surface Q C P'^. 
In the situation where Q ^ P^ x P^ is nonsingular, G' must be a divisor of type 
(4, 4) on P^ X P^. Projection along each factor of P^ x P^ leads to two different 
g\' s on G. For Q a singular quadric cone over an elliptic curve E, G' is of class 
G' ^ 4 A, A the class of a hyperplane section on Q. The rulings \R\ on Q cut 
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out a gl on C. It remains to remark that for a gfg or a .9^2 the Brill Noether 
dual is of type or 94 respectively. 

Corollary 3.2.1 Let C G be a canonical curve of genus 9 with Clifford index 
Cliff (C) = 2, then C is tetragonal. 

Now applying the main ideas, which can be found in [S86] Section 6.2-6.6, to 
a canonical, tetragonal curve C of genus g = 9 leads to the following results: 
Constructing X as above from the linear system of type gl on C, we see that C 
is contained in a 3— dimensional rational normal scroll of type /^(ei, 62, 63) with 

2g-2 

4 = — > ei > 62 > 63 > 

and degree / = ei + 62 + 63 = (7 — 3 = 6. We denote by tt : P(£') the 
corresponding P^— bundle. According to Theorem 1.4.3 C is given as complete 
intersection of two divisors 

Y r^2H -hiR , Z ^2H - b2R 

on X with 

61 + 62 = / - 2 = 4 
and hi > &2. In [S86] Section 6.3. the author verifies that 

5 = / - 1 > 61 > 62 > -1 

and even bi < / — 2 = 4 for genus g ^ 0. Therefore we can apply Theorem 
1.4.3 to get a minimal free resolution of Oc as an Opg-i-module via an iterated 
mapping cone: 

[C/-2(_4) ^ (_2) © C''^ (-2)] ^ C° 

The Betti table for the minimal free resolution is determined by the values for 
bi and 62 and vice versa. X and hence the gl is uniquely determined by C unless 
61 > / — 2 = 4 : Consider the map 

0/33-4.3-3 (^_g + 3) ^ 0/33-5.9-4 ^ 4) 

in the resolution of C, then X is given as support of the cokernel of its dual. 

Theorem 3.2.2 Let C C P^ be an irreducible, nonsingular, canonical curve of 
genus 9 with Cliff (C) = 2, then 

a) C admits a g^ or a g^ exactly if (foi, 62) = (4, 0). The Betti table for C then 
takes the following form 
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b) C admits a g\, a base point free linear system of Clifford index 3 and no g| 
or gl exactly i/ (&i, 62) = (3, 1) with Betti table for C as follows 
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c) C admits a g\ and no g^, and no base point free linear system of Clifford 
index 3 iff {bi, 62) = (2, 2). The Betti table for C is then given by 
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Proof. From the conditions for (61,62) we have to distinguish three different 
cases for g = 9 : 

1. (61,62) = (4,0) : From the mapping cone construction above we get the 
following Betti tabic for C C : 
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The fibres of Y' C F{£) over are conies. If all these fibres are degenerate 
the gl is composed by an elliptic or hyperelliptic involution 

C ?ij ^ 2^ pi 

and y is a birational ruled surface over E with a rational curve E of double 
points. As C is assumed to be nonsingular we must have E D Z = and 
therefore 

0^ E.Z = E.2H = 2 deg i? deg = 

A general divisor F of class H ~ intersects y in a smooth curve isomorphic 
to E^ so the geometric genus is given by 

2paE -2 = T.Y.if - 2 - 61 - = 62 = 

(cf. [S86] Example 3.6). Thus E is an elliptic curve that can be embedded as a 
plane cubic. Then the composition C ^ ^ P^ gives a g^ on C. 
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In the situation where a general fibre of y is a nonsingular conic, the number 
of singular fibres is given by 

(5 = 2/ - 36i = 

hence there exists no singular fibre. Further Y admits a determinant al presen- 
tation. It is obtained from the determinant of a matrix ip with entries on X as 
indicated below 

/ H-aiR H-a2R \ 

\ H -{ai+ k)R H -{a2 + k)R ) 

with fli, a2 e fc G N and ai + 02 + fc = foi = 4. Then Y may be identified 
with the image of Pk = P(Opi (fc) ® Opi ) under a rational map defined by a base 
point free linear series. The composition 

CcY^Pk^ H\Pk,Op, {A))) - P'=+i 

defines a linear scries of degree 62 + 2 + 2(fc + 1) = A.C (cf. Theorem 1.4.5), 
hence of Clifford index 2. For fc = we get a further g\ and therefore a g| from 
g\ x g\. In the case = 1, F is a Del-Pezzo surface, precisely blown up in 
one point p, and C the strict transform of a plane model C" of degree 6 with a 
doublepoint in p. We easily check that for fc > 3 the determinant of the matrix 
above becomes reducible, which can be excluded as Y is irreducible. It remains 
to consider the case fc = 2, where C" is a divisor of class A A on the quadric cone 
Y, A the hyperplane class of Y. Then the g\ is cut out by the class of a ruling 
i? on y and = |(2i?|c)l is a linear series of type g\. 

Conversely in the case where C admits a f/|, we get a space model C" of C 
of degree / = 8. If C has a singular point, projection from this point leads to a 
g^ with d < 6. Otherwise C is contained in a quadric surface Q C P'^. In the 
situation where Q = P^ x P^ is nonsingular, C must be a divisor of type (4, 4) 
on P^ X P^. Projection along each factor of P^ x P^ leads to two different g\ on 
C, such that we get (61, 62) = (4, 0) as otherwise the g\ is uniquely determined. 
For Q a singular quadric cone, C is of class C ^ AA, A the class of a hyperplane 
section on Q. Then the rulings \R\ on Q cut out a on C and because of 
{A - 2R)\c' ~ 0, we get 

Kc - 2A\c' - 4i?|c' ^ I Ac I = igl 

The adjoint scries |2j4| defines a mapping 

V3 : Q ^ P« 

with image Q' . This surface is given on X by the determinant of a matrix tp of 
type 

/ H-aiR H-a2R \ 

\ H-{ai+2)R H-{a2 + 2)R ) 

on X with 01,02 e Z, oi + 02 = / — 4 = 2 (cf. Theorem 1.4.5 and Section 
6.4. in [S86]). The scroll X is of type 5(4,2,0) and therefore 01,02 < 2 as Q' 
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is irreducible. The case ai = 02 = 1 can also be excluded as in this situation 
it is possible to make one of the H — 3R entries zero, thus Q' would become 
reducible. It follows that ai — 2, a2 — and therefore Q' ^ Y 2H — 4i? =^ 
(6i,fe2) - (4,0). 

It remains to show that in the situation where C admits a plane model C 
of degree 6, we also get 62) — (4, 0): C has exactly (2) ~ 9 1 doublcpoint 
p as only singularity. Blowing up in p we get a surface 5* with exceptional 
divisor Ep. Then the image under the adjoint series \3H — Ep\ is a Del-Pezzo 
surface S' C of degree 5 — 3 = 6, that is arithmetically Cohen-Macaulay. Its 
projective dimension Rs> is 6 = 8 — dimS" and further reg i?s' = 2. According 
to Theorem 1.1.10 the Hilbert function Hj^^, of Rs' is given by the Hilbert 
polynomial Ps' of S' calculated in [Hs77] Chapter V, Exercise 1.2.: 

Ps' (n) ~ 2 '^"^ + bn + c 

with a = (ifs + C)2 = [iH-Epf = 9-1 = 8, 6 = \{Ks + Cf + \-g{Ks+C) = 
4 + 1 — 1=4 and c = 1 . Therefore we obtain 

Hr^, [n) = Ps' [n) = 4n^ + 4n + 1 for all n G N 

The minimal free resolution F of Rs' over R = Ik[xo, x„] reduces mod- 
ulo (2/1,2/2,2/3) to a minimal free resolution of R'g, := Rs' / {yi,y2,y3)Rs' over 
R/iyi,y2,y3)R = R' ■= Hxq,...,x'^] with (2/1,2/2,2/3) being a Rs' sequence of 
linear polynomials m xq, xg. The corresponding Bctti numbers (3ij stay the 
same. Thus the Hilbert function of Rg, can be obtained by succesivcly dividing 
out 2/1,2/2 and 2/3, hence it has values (1,6, 1) and Hj^' {n) = for n > 3. We 
consider a free resolution of k with free R' modules which is given by the Koszul 
complex of length 6: 

^ k ^ i?' ^ R'^ ^ R'^^ ^ ^ ^ ^ R' ^0 

The Betti numbers /3y = dim Torf^ (k, R'gi)j can be calculated by tensoring the 
complex above with R^, : 

O^R's,f^ R"^ R's< ^ R"' ® R's' ^ - ^ R's' ^ 
Taking into acount the graduation we get the following format: 

^,^(0) ^,^(1) ^ ^(2) ^ ^j(3) ^ ^j(4) ^ ^,^(5) ^ ^,^(6) 




1 



1 
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(I) (k) (k—1) 

where the arrows stand for the maps (f l. : Ml'-' M;"""^ which give a 
decomposition of ipk in the parts of degree I and the numbers in the format 
are given by Cki '■= dim Mi^\ As S' is not contained in any hyperplane we get 
(3ii — and therefore /?m,m = for m = 1, ...,6. The dual F* of _F is a free 
resolution of los' (up to a shift of degrees) and therefore we obtain from Green's 
Linear Syzygy Theorem (see [E05] Theorem 7.1) that the length n of the linear 
strand of F* satisfies n < (3qs — 1 = 1 — 1 = 0, hence /3m,m+2 = for m = 0, 5. 
It follows that the Bctti table for S" takes the following form: 








1 


2 


3 


4 


5 


6 





1 














1 




20 


64 


90 


64 


20 




2 














1 



From the exact sequence 

and Os'{—C) = los' the minimal free resolution of Oc as Ops-module is given 
as the mapping cone of the minimal free resolutions of Os' and us' as every 
map is minimal: 



LOS' 


Os' 


t 


t 


Ops (-2)1 


Ops 


T 


T 


Ops (-4)20 


Ope (-2)20 


T 


T 


Ops (-5)64 


Ope (-3)64 


T 


T 


Ops (-6)90 


Ope (-4)90 


T 


t 


Ope (-7)64 


Ope (-5)64 


T 


T 


Ope (-8)20 


Ope (-6)20 


T 


T 


Ope (-10) 


Ops (-8) 


T 


T 









Therefore we obtain the Betti table for C : 








1 


2 


3 


4 


5 


6 


7 





1 
















1 




21 


64 


90 


64 


20 






2 






20 


64 


90 


64 


21 




3 
















1 
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We have shown that a tetragonal curve C of genus 9 admits a or a exactly 
if its betti table looks as above, which is exactly the case for 62) = (4, 0). In 
the next step we will give the Betti table for a tetragonal curve C that admits 
no 5I, or a base point free 5^ of Clifford index 3 : 

2. Let g\ ~ \D\ with an effective divisor D of degree 4 on C. We can omit the 
case /i°(C, Oc(2-D)) = 4 as this would give a. gl = \2D\ . Then F Kc ~2D 
gives a g|. If |F| has base points we can deduce a with d < 7, that we have ex- 
cluded. In the situation where F ^ 2D we must have h^{C, Oc{Kc — 3-D)) = 2 
and h°{C,OciKc - iD)) = 1, hence the scroll X is of type 5(4,1,1). Then 
(^1) ^2) 7^ (3, 1) as the defining equation of F ~ 2H — 3R would contain a factor 
(fio e H°{X,Ox{H - 4i?)), which contradicts that C C y is irreducible. It 
follows that (bi, 62) = (2, 2) in this case, hence C has Betti table as follows 








1 


2 


3 


4 


5 


6 


7 





1 
















1 




21 


64 


70 


24 


5 






2 






5 


24 


70 


64 


21 




3 
















1 



Now we assume that F 2D, then from |F| we get a plane model C" C of 
degree 8 for C. C does not have any triple points as projection from such a 
point would give a base point free gl . If C has double points as only singularities 
then from a base point free g^ obtained from projection from one of these double 
points and the gl we get a space model C" C x C P'^ of C. C" is a divisor 
of class (4, 6) on P^ x P^, thus it has arithmetic genus pa{C") = 3 • 5 = 15 > 9. 
C" has no singularity of multiplicity 3 or higher as projection from such a point 
would give a g"^ with d < 7. It follows that C" has exactly 15 — 9 = 6 double 
points as only singularities hence projection from one of them leads to a g^ with 
a quadruple point and 6 double points. Thus we can assume the existence of a 
plane model C" of C with a quadruple point po and 6 double points pi, ...,P6 as 
only singularities. After blowing up P^ in these points 

a:5:=p2(po,...,P6)^P' 

with exceptional divisors Eq, Eq and hyperplane class H, we can assume that 
C is the strict transform of C, i.e. C ^ 8H — AEq — Then the canon- 

ical system is cut out on C by the adjoint series \L'\ = 5H — 3Eo — X]^=i^i • 
With the methods of Chapter 2 we can show that this series is base point free 
and the image S" C P^ of 5 under the morphism defined by \L'\ has only 
isolated singularities and is arithmetically Cohen-Macaulay. Therefore the pro- 
jective dimension of its homogenous coordinate ring Rs' is 6 = 8 — dim S' and 
further rcg i?s' = 2. According to Theorem 1.1.10 the Hilbertfunction Hji^, of 
Rs' is given by the Hilbert polynomial ps' of S' calculated in [IIs77] Chapter 
V, Exercise 1.2.: 

Ps' (n) = 2 + bn + c 



CHAPTER 3. CURVES C WITH CLIFFORD INDEX CLIFF(C)<2 



48 



with a={Ks + Cf = {5H - 3Eo - ELi^O^ = 10, 6 = ^{Ks + C)^ + 1 - 
g{Ks + C) = 3 and c = 1. Therefore we obtain 

-fffls' i"^) = Ps' (n) = + 3n + 1 for all n € N 

Now we consider the same approach as in 1. to obtain the Betti table for C : 
As in the previous consideration the minimal free resolution F of Rs' over R 
reduces modulo to a minimal free resolution of R^, Rs' /iyi,y2,y3)Rs' over 
R/{yi,y2, y^jR — R' ^[^^o, x'^]- The corresponding Hilbert function of R'g, 
has values (1,6,3) and H^; (n) = for n > 3. Tensoring the Koszul complex 
of length 6 with R'g, a similar argumentation as in 1. shows that /3m. m — 0, 
m = 1, 6 and /3m,m+2 = 0, m = 0, 3 for the Betti numbers of S". The linear 
strand of the minimal free resolution of Rg' is a subcomplex of the minimal free 
resolution of Rc, thus we must have /Jg.? = as Cliff(C) = 2. The Betti table 
of the minimal free resolution of Rgi then takes the following form 








1 


2 


3 


4 


5 


6 





1 














1 




18 


52 


60 


24 


5 




2 










15 


12 


3 



and from the exact sequence 

the minimal free resolution of Oc as Ops -module is given as the mapping cone 
of the minimal free resolutions of Os' and us''- 








1 


2 


3 


4 


5 


6 


7 





1 
















1 




21 


64 


70 


24 


5 






2 






5 


24 


70 


64 


21 




3 
















1 



Therefore we have shown that for a tetragonal curve C of genus 9 that admits 
a g\ and no g|, t/f or a further of Clifford index 3, its Betti table looks as 
above, which is exactly the case for 62) = (2, 2). 

3. (61, 62) = (3, 1) : In this situation C has Betti table as follows 








1 


2 


3 


4 


5 


6 


7 





1 
















1 




21 


64 


75 


44 


5 






2 






5 


44 


75 


64 


21 




3 
















1 



According to our results in 1. and 2., a curve C that is given as complete 
intersection of divisors of type Y ^ 2H — 3R , Z ^ 2H — R on the scroll X 
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admits a base point free of Clifford index 3. It remains to show that from 
the existence of such a linear system it follows that (&i,62) = (3, 1). From a 
base point free linear system of Clifford index 3 we always get a or a gj (The 
Brill Noether dual of a gg or gf^ is a gj or g^ respectively!). A cannot have 
a singularity with higher multiplicity than 3 as in this case projection from this 
singular point would lead to g^ with d < 3. The g'j cannot have exactly two 
triple points as then from the existence of two different gl's we would deduce 
that 62) = (4, 0) as in 1., hence the existence of a or a gf. Thus the g^ 
has exactly 6 double points or one triple point and 3 double points. Except in 
the case where three double points are infinitely near a triple point, projection 
from one of the double points leads to a 175. Therefore C admits a gl x g^ with 
the mentioned exception. In the case where C admits a. gl x gl but no g^ or 
gf, we consider the image C" C x C P"^ of degree 9 under the morphism 
obtained from the gl x g^. Then C" is a divisor of class (4,5) on P^ x P^ with 
arithmetic genus Pa{C') = 12. Further C" has exactly three double points 
as only singularities, as projection from a singular point of higher multiplicity 
would lead to a g^ with d < 6. Then projection from one of the double points 
gives a plane model C" C P'^ of degree 7 with one triple point po and 3 double 
points pi , P2 and . Thus in general we can assume that we have a g^ with one 
triple point Pq and 3 (possibly infinitely near) double points pi, ...,^3. Blowing 
up P^ in the these points 

a:^ = p2(po,...,p3)^p2 

with exceptional divisors Eq, E^, wc can consider C ^ 7H -SEq- T.Li'^Ei 
to be the strict transform of C", H denoting the hyperplane class on P^ and 
by abuse of notation also on S. The canonical series is then cut out by the 
adjoint series \L'\ AH — 2Eq — Yl^i=i^^i ' which is base point free on S 
(cf. Corollary 2.1.1). The image S" of S under the morphism given by \L'\ 
is then a Castelnuovo surface and it is even arithmetically Cohen-Macaulay. 
Therefore the projective dimension Rs' is 6 = 8— dim S' and further reg Rs' ~ 2. 
According to Theorem 1.1.10 the Hilbertfunction Hn^, of i?s' is given by the 
Hilbert polynomial ps' of S" calculated in [Hs77] Chapter V, Ex. 1.2.: 

Pg, [n) = ^fl"^ + bn + c 

with a = {Ks + Cf = {AH - 2Eo - ELi^E,f = 9, 6 = ^{Ks + Cf + 1 - 
g{Ks + C) = 5 and c = 1. Therefore we obtain 

Hr^, (n) ^ Ps' (n) 4n^ + 4n + 1 for all n £ N 

Now we consider the same approach as in 1. and 2. to obtain the Bctti table for 
C : The minimal free resolution F of Rs' over R reduces to a minimal free res- 
olution ofi?5, := Rs'/{yi,y2,y3)Rs' over R/{yi,y2,y3)R = R' := k[x'„ , . . . , x'^] . 
The Hilbertfunction of R'g, has values (1,6,2) and Hfj>^ {n) = for n > 3. 
Tensoring the Koszul complex of length 6 with R'g, a similar argumentation as 
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in 1. shows that Pm,rn = 0, m = 1, ...,6 and (3m,m+2 = 0, m = 0, ...,4 for the 
Betti numbers of 5". The hnear strand of the minimal free resolution of i?s' is 
a subcomplex of the minimal free resolution of Rc, thus we must have /Sg.? ~ 
as Cliff (C) = 2. The Betti table of the minimal free resolution of Rs' then takes 
the following form 








1 


2 


3 


4 


5 


6 





1 














1 




19 


58 


75 


44 


5 




2 












6 


2 



and from the exact sequence 

the minimal free resolution of Oc as Ope -module is given as the mapping cone 
of the minimal free resolutions of Os' and los''. 








1 


2 


3 


4 


5 


6 


7 





1 
















1 




21 


64 


75 


44 


5 






2 






5 


44 


75 


64 


21 




3 
















1 



Therefore we have shown that a tetragonal curve C of genus 9 admits & g\, & 
base pont free linear system of Clifford index 3 and no or exactly if its 
Betti table looks as above, which is exactly the case for 62) = (3, 1). ■ 
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Curves C with Clifford index Cliff(C)=3 



4.1 Results 

Let C C be a canonical curve of genus 9 and Clifford index 3, then there 
exists a 52r+3 with r S {1, ...,6}. Its Brill Noether dual is of type g\^L2r^ thus 
for a curve of genus 9 it remains to consider the case where C has a or a 57 . 
A plane curve of degree 7 has arithmetic genus (2) = 15, therefore it must have 
singular points. If it has a singular point of multiplicity c? > 3 then projection 
from this point leads to a g\_j^ which is a linear system of Clifford index less or 
equal to 2, a contradiction. Therefore the Qj has exactly six double points as 
only singularities. Projection from one of them gives a 175. We conclude: 

Corollary 4.1.1 Let C C 6e a canonical curve of genus 9 with Clifford index 
Cliff (C) = 3. Then C is pentagonal. 

In the following section we first want to give some examples of pentagonal 
curves that exist. Afterwards we will consider the special case where C admits 
a gf. It turns out that suchC has the following Betti table (cf. Theorem 4.3.2): 








1 


2 


3 


4 


5 


6 


7 





1 
















1 




21 


64 


70 


24 








2 








24 


70 


64 


21 




3 
















1 



The corresponding plane model C C P^ of degree 7 has exactly 6 (possibly 
infinitely near) double points. Hence we deduce 6 (possible infinitely near) gl's 
by projection from these double points. It turns out that these are exactly all 
linear series of this type (cf. Theorem 4.3.1). 

In the main part of this thesis, we focus on pentagonal curves C, where 
none of the appearing gl's can be obtained from a gy. Starting with D an 
effective divisor on C, such that \D\ is of type gl, we construct the corresponding 
4— dimensional scroll X of type ^(ei, 64) from the complete linear system \D\ 
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(cf. Section 1.4). Applying Riemann-Roch one easily determines the following 
possibilities for D that can occur (cf. Theorem 4.4.1): 

(1) h°{C,Oc{2D)) = 3 and h°{C,Oc{^D)) = 7 

(2) h°{C, Oc{2D)) = 4 and /i°(C, Oci^D)) = 7 

(3) h°{C, Oc{2D)) = 4 and h°{C, Oc{3D)) = 8 

Then the scroll X is of type 5(2, 1, 1, 1), S{2, 2, 1, 0) or S'(3, 1, 1, 0) respectively. 
In this situation the results of Sections 4.5.2-4.6.2 justify the definition of the 
multiplicity m|£)| of \D\ : 

Definition 4.1.2 Let C be an irreducible, smooth, canonical curve of genus 9 
and Cliff (C) = 3. Further assume that C has no gj. Then for each linear system 
\D\ of type g\ on C we define its multiplicity to be equal to i if and only 

if D fullfills {i). 

Let k = tic the number of all appearing g\, counted with multi- 

plicities, then one of the main results of this thesis is that fc < 3 if Cliff (C) = 3 
and C has no g^. This exactly occurs if and only if C has Betti table as follows: 








1 


2 


3 


4 


5 


6 


7 





1 
















1 




21 


64 


70 


4k 








2 








4k 


70 


64 


21 




3 
















1 



For k = \ there exists a plane model for C of degree 8 with exactly one triple 
point and 9 double points as only singularities. Furthermore in the case fc > 2, 
we obtain a space model of C on a quadric surface y C P''. In the case where 
C has only g\' s of multiplicity one, the quadric Y is smooth otherwise it is a 
cone over a conic. We will also show that in all cases where C has a g\ with 
multiplicity 2 or 3, there exists a local one-parameter family of curves Ct with 
Co = C and Ct having the correspondent number of distinct g^ for t ^ 0, such 
that this case can be seen as a specialization of those where all gl are different 
(cf. Section 4.6.2). 

4.2 Examples of pentagonal curves 

We have remarked above that for an irreducible, canonical curve C of genus 
9 and Clifford index 3 it is possible to have a certain number k E {1,2,3} of 
gl's (counted with multiplicities) or even a gj. We give examples of such curves 
over a field of finite characteristic p. Applying the main results of this work and 
taking into account the semicontinuity of the Betti numbers, we get that each 
of these curves has the right number of gl's. 
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Example 4.2.1 (Canonical Curve of genus 9 with exactly one g\) Let us start 
with the construction of a curve C that has exactly one g\. From the Brill 
Noether number 

£-(9, 8, 2) = 9 - (2 + 1) • (9 - 8 + 2) 

we deduce the existence of a plane model C" of degree 8. If C" has a triple point, 
projection from this point would lead to a 55. We consider a curve C that has 
exactly one triple point q and 9 double points pi,...,pg in general position. 
Then we determine its normalisation C C given as the image of C" under 
the adjoint series 5i? — 2(7 — Y^i=iPi ■ Obviously C has at least one g\ which 
is obtained from projection from the triple point in the plane model. The Bctti 
table for C then takes the following form 








1 


2 


3 


4 


5 


6 


7 





1 
















1 




21 


64 


70 


4 








2 








4 


70 


64 


21 




3 
















1 



According to our main results C has exactly one g\ of multiplicity one and 
Cliff (C) = 3. The following theorem says that every pentagonal curve C of 
genus 9 admits a plane model of degree 8 with a triple point. 

Theorem 4.2.2 a) Let C be a canonical curve of genus 9 with Cliff(C) = 3 
that admits no g^, then there exists a gg on C with at least one triple point, 
b) If C has exactly one gl (of multiplicity one) then the g| in a) has exactly one 
triple point and 9 double points. 

Proof. We start with the second claim. Let C admit a plane model C of degree 
8 with two triple points pi, p2- If Pi and p2 are not infinitely near, projection 
from each of them gives two distinct gl , so it remains to discuss the case where 
Pi and P2 are infinitely near. Blowing up P^ in the triple points pi, P2 and the 
double points qi, gg- 
cr : 5 ^ P^ 

with exceptional divisors Ep-^,Ep^, E^-^, ...,Eq^ and hyperplane class H, we can 
assume that C is the strict transform of C" : 

C ~ 8H — 3Ep^ — 3£'p2 — Yl^i=i^^qi 

The canonical system is cut out by the adjoint series 

I Ac I = \bH - 2Ep, - 2Ep, - EtiE,, 

As p2 lies infinitely near to pi we obtain Ep-^ \ c ~ Ep^ \ c. For the complete linear 
series gl = \D\ ~ \{H - Ep^)\c\ — {{H - Ep^)\c\ it follows that 

Kc -2D^ 3H\c - Ep, \c - Ep, \c - Eti^^?. \c 
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and because of h°{S, Os{3H - Ep, - Ep^ - ELi^?.)) > 10 - 8 = 2 we get 
h°{C,Oc{Kc - 2D)) = 2 (as ClifF(C) = 3), thus m\D\ > 2. This proves b). It 
remains the question if there always exists a with a triple point. We know 
that there always exists a on C. This scries is base point free as we have 
assumed that Cliff (C) = 3 and C admits no g^. Let H be an effective divisor 
of this system, then h°{C, Oc{H -£>)) = or 1. For h°{C, Oc{H - D)) ^ 1 it 
follows the existence of points qi , q2 and (73 on C with 

H - D ^ qi+q2+q3 

Thus \H\ has a triple point. In the case hP{C,Oc{H — D)) = we can apply 
the base point free pencil trick to obtain 

h%C, Oc{H + D)) > h°{C, Oc{H)) ■ h°{C, Oc{D)) - h°{C, Oc{H - D)) ^ 6 

Riemann-Rocli then says that h'^{C, Oc{{Kc ^ H) — D)) > 1 and equality holds. 
The gl given by the divisor L ;= Kc — H is then base point free and has a triple 
point. The first property follows from the assumption that Cliff (C) = 3 and 
C admits no g| and the second from the existence of points qi , q2 and (73 on C 
with L - D ^ Kc - D ^ qi + q2 + q-s ■ 

Counting dimensions we have 2 • 10 possibilities to choose 10 points in and 
a parameter space of plane curves of degree 8 passing one of the points with 
multiplicity 3 and the others with multiplicity 2 that has projective dimension 
(2°) — 1 — 6 — 3 • 9. Taking into account the projective transformations on we 
obtain the dimension for the subscheme "^(1^5) C Mg of all pentagonal curves 
of genus 9: 

dimH(i,5) = 2 • 10 + (^^^ - 1 - 6 - 3 • 9 - dimPGL(3) = 23 = 
= dimVUg — 1 



Example 4.2.3 (Canonical curves with exactly two different ordinary g\'s) We 
want to construct a curve C that has at least two different g\' s and no g^. From 
these special linear systems we obtain a space model C" C P""^ x P-*^ C P'^ given 
as the image of the natural mapping: 

C pi X pi C P^ 

This model in P^ has exactly 7 = Pa(C") - g{C) = 4-4-9 (possibly infinitely 
near) double points pi, ...,P7, as otherwise projection from a singular point of 
higher multiplicity would lead to a g"^ with d < 7. For a general curve C having 
two gl we would expect that all double points are distinct. Then C" is a divisor 
of type (5, 5) on P^ x P^ and there exists two gl's which are cut out by the com- 
plete linear systems |(1,0)| and |(0, 1)| on P^ x P^. We remark that projection 
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from one of the double points gives a plane model of C that has exactly two 
triple points. The following example of a curve in this family is calculated over 
Q: 

Curve of type (5, 5) on P"^ x P-'^ with 7 double points as only singularities 

I„ - i^r„ll^^^„2 ,2 ,„2 ,,,3^2 70, ,,2.^3 21 ,,,.,.4 49.^.5 io,„4„ 28,„3„2 698428568345581244477 .,,2 ..3 

- ideanri +J, -z -™ ^ -"3-™ --g-""" ~ "9" " ~ T " » 28848956524627500 " + 

90215896038289435403 ■....4 _ 68220455180173043 ..5 _ r„,4, _ t„,3^,j_ i^„,2^2, _ 7„,^3, _ 35 .,.4_ , 49 ,„3„, , 
14424478262313750 " 250860491518500 " ora z (m -f iiuj ^uia: z ^xz-t^myz^ 

23241926205812880277 ...2.2. _ 28199536240159289641 3 ., , 44759596869109840639 , 4., . 49, ,,3^2 _ 

1492187406446250 ^ V ^ 1730937391477650 ^ ^ 21636717393470625 y ^ "t" 3 ^ ^ 

4749324908888289073 2.2 83077348288551341 .22, 8743506435415727 ,3 2 , 94638741549090136267 2 2 

6769791304926600 ™ ^^'^ " 192326376ii30«600 "'^ ' + (43620163839600 " " + 22S77444236666000 " ^ 
877466317906635532537 ,,,,,2 , 2 _ 554169997124749656173 „3 ,2 _ 73873813541874770027 „,2 _ 3 _ 487977728485206293 
259640608721647500 " 259640608721647500 " 43273434786941250 2404079710385625 

114591427898711159 -.2 ..3 1 23322157426391471302 3 147619621394753090843 ..2.3 23712776715338563288 

6769791304926600 ' ^ 721223913115687S — 269640608721647600 " ^ 6491016218o41187S 

48249553756301249983 ...4 , 36743223513209826373 ...4 , 5859389203919613817 .5x 
269640608721647600 + 173093739147766000 + 12!)s2o3o436os237Bo " > 



We choose 7 points pi, ...,P7 on P^ x in general position and a divisor C" of 
type (5, 5) that passes all these points with multiplicity 2. The canonical series 



is then cut out by the linear system 



(3, 3) -El 



and the normalisation C 



has at least two different g\. Calculating the Betti table for C gives 
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2 


3 


4 


5 


6 


7 





1 
















1 




21 


64 


70 


8 








2 








8 


70 


64 


21 




3 
















1 



Thus it follows that C has exactly two different gg's of multiplicity one and 
Cliff(C) = 3 (cf. Section 4.5.9). 

It will turn out later (cf. Theorem 4.5.6) that for a general curve C" of this 
family there exist exactly these two g|'s. 

To see that the property of having two g\l s gives an independent condition in 
the subscheme H(i^5) C A^g of all pentagonal curves of genus 9 , we count the 
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dimension of the family of plane curves of degree 8 with 2 triple points and 6 
double points as only singularities: 



-1-2-6-3-6-dim PGL{3) = 22 = dimA^g - 2 



Example 4.2.4 (Canonical curves with exactly three different ordinary g\'s) 
The question arises if it is possible for C to have an additional g\ without 
admitting a gf. If we start with a plane curve of degree 8 with 3 triple points 
and 3 double points as only singularities, then these curves fail to have the right 
number of g\' s. The reason for this is that the conies passing through the three 
triple points cut out a on C. However if there exists a curve with exactly 
three g\' s then we would expect that the condition of having a third g\ is of 
codimension one in the variety of all curves with two g\. Therefore we have 
examined several curves in this family, which have been randomly constructed 
over a finite field Fp,p ^ 3. We observed that in approximately one out of p 
examples the Betti table of the minimal free resolution of Sc looks like 
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A closer examination in these cases led us to the assumption that they ex- 



actly occur if the following geometric situation on 



is given: From 



dim (2,2)-ELiP* 
sors of type (2, 2) on 
the basepoint of the linear system 



— 2, it follows the existence of a pencil {D\)\ of divi- 
X passing through the points pi, ...,^7. Let q denote 



(2,2)-ELiP^ 



Pencil of divisors of type (2, 2) on x P"'^ passing through pi, ...jPj 
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For the plane model C" C of C obtained from projection from one of the 
double points, this third g\ is cut out by the pencil of cubics passing through 
the triple points si, S2 and the double points ri, rg of C". The base point p of 
|3-ff — si — S2 — ri — ... — rgl then lies on C. Therefore the family of canonical 
curves of genus 9 that admit exactly three different g}J s has dimension dim^Vlg — 
3 = 21. 

From Theorem 4.5.6 we know that there cannot exist a fourth g\ on C if C has 
no gj and Theorem 4.5.7 states that this g\ is different from the two others if 
and only if 



dim 



(2,1)-ELiK ,dim (1,2)-ELiP. 



= 



i.e. there exists no divisor of class (2,1) or (1,2) passing through the points 
Pi, ■■■,P7- 

We will see in the following sections that it is possible that some of the gl's 
become equal and that in these cases the multiplicity of these linear systems 
takes the corresponding value. Furthermore the Betti table stays the same as 
in the situation where all gl are different (for details see Section 4.6.2). 



Example 4.2.5 ( Canonical curve with a gj ) We complete this section with the 
most special case for a curve C of Cliff (C) = 3 where C admits a gj. Here the 
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construction is straightforward: The must have exactly 6 double points. We 
start with pi,...,pQ G in general position and C" C a curve of degree 7 
passing through these points with multiplicity 2. The canonical series of C" is 
then cut out by quartics passing through the points pi, ...,p6- Let C C P^ denote 
its canonical image. The Bctti tabic for C takes the following form: 
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It follows from our results that C has Cliff (C) = 3. In special cases the 
double points can also lie infinitely near. It can even happen that C" has an 
All— singularity as only singularity. Using a work of Lossen ([L99] Chapter 1) 
we constructed the following example C given by the affine equation: 

8y2 - l&x^y - 8x^y^ + 2xy^ - 2/^ + 8x^ + 8x^y^ - 8x^y^ = 

that has such a special singularity at the origin: 

Plane curve C of degree 7 with an An- singularity at the origin 
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Let C be a canonical curve of genus 9 with ClifF(C) = 3 that admits a plane 
model C" C of degree 7. Then C" has exactly 6 double points pi, ...,P6 as 
singularities. We will show that all gl's on C" are given by projection from one 
of these double points: 

Theorem 4.3.1 Let C be a canonical curve with Cliff(C) = 3 that admits a 
gj . Then every g\ is obtained from projection from one of the double points of 



Proof. Let H be an effective divisor of the gj and \D\ be a base point free 
linear series of type 175, then h^{C, Oc{H — Z?)) = or 1. From the base point 
free pencil trick we obtain 



h\C,Oc{H + D)) > h°{C, Oc{H)) ■ h"{C,Oc{D)) - h%C,Oc{H - D)) = 

^&-h\C, Oc[H-D)) 

Hence because of Cliff(C) = 3 we must have h°{C,Oc{H + D)) < 5, thus 
/i°(C, Oc{H — D)) = \. It follows the existence of points qi and (72 on C with 



Therefore \D\ is obtained from projection from a double point. ■ 

A dimension count shows that the subscheme ?i(2,7) of all C G A^g with a 
(77 has the expected codimension — £)(9, 7, 2) = 3 in Mg. We can choose 6 points 
in general position and a curve of degree 7 passing through these points with 
multiplicity 2. Therefore we obtain a parameter space of dimension 



It is remarkable that the dimension of the stratum of all curves with a g^ equals 
to that of the pentagonal curves that admit no g^ but exactly three g\' s. 

Theorem 4.3.2 Let C <zV^ be a smooth, irreducible, canonical curve of genus 
9 that has a special linear series of type gj and Cliff(C) = 3. Then C has the 
following Betti table: 




H-D^qi+q2 
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Proof. Let us consider the blowup of in the singular points of C : 

cr : ^ P2 

Further Ei . denotes the exceptional divisors and H the class of a hyperplane on 
and by abuse of notation also its puUback to S. Then we can assume that 
C is the strict transform of C": 

The adjoint scries can be obtained by using the adjunction formula: 

Ks + C - -3i? + + 7H- Eti2S. ^ 4.H - ELi^^ 

Wc first want to focus on the image S' C P^ of the map ip defined by the adjoint 
series 

Let R — k[xo, xg] and i?s' denotes the homogenous coordinate ring of and 
S' respectively. From Corollary 2.1.1 we already know that S' is arithmetically 
Cohen-Macaulay, thus the projective dimension Rs' is 6 = 8 — dimS" and 
reg i?s' = 2. Now we consider the same approach as in the proof of Theorem 
3.2.2: The Hilbert fimction Hj^^, of Rs' is given by the Hilbert polynomial 

Ps' (n) ~ 2 '^"^ + bn + c 

with a = [Ks + Cy = (4a* H - YlLi^i? = 16 - 6 = 10, 6 = i(Xs + Cf + 
1 — g{Ks + C) = 5 + 1— 3 = 3 and c = 1. Therefore, wc obtain 

Hb^^, [n] = Ps' [n] = 571^ + 3n + 1 for all neN 

The minimal free resolution F of Rs' over R reduces to a minimal free reso- 
lution of R's, := Rs' /{yi,y2,yz)Rs' over R/ {yi,y2,y?.)R = R' := ^x'^, ...,x'^] 
with (2/1,2/2,2/3) being an Rs' sequence of linear polynomials in xq, ...jXg. The 
Hilbertfunction of R'^, has values (1, 6, 3) and H^i^^ (n) = for 71 > 3. Tensoring 
R'g, with the Koszul complex of length 6: 

Mia) M(2) A/(6) 

and taking into acount the graduation we get the following format: 

^,^(0) ^,^(1) ^ ^(2) ^ ^j(3) ^ ^j(4) ^ ^,^(5) ^ ^,^(6) 
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(I) (k) (k — 1) 

where the arrows stand for the maps ipl. : Ml'^' M;^"""^ which give a 
decomposition of ipk in the parts of degree I, and the numbers in the format 
are given by Cki '■= dimMj . As 5 is not contained in any hyperplane we get 
(3ii — and therefore /?m,m = for m = 1, ...,6. The dual F* of F is a free 
resolution of los' (up to a shift of degrees) and therefore we obtain from Green's 
Linear Syzygy Theorem (cf. [E05] Theorem 7.1) that the length n of the linear 
strand of F* satisfies n < /Jgs — 1 = 3 — 1 = 2, hence /3m,m+2 = for m = 0, 3. 
The linear strand of the minimal free resolution of Rs' is a subcomplex of 
the minimal free resolution of Rc, hence we must have /356 = (ier = as 
Cliff (C) = 3. It follows that the Betti table for S" takes the following form 
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From the exact sequence 

and Os'{—C) = ujs' the minimal free resolution of Oc as Ops -module is given 
as the mapping cone of the minimal free resolutions of Os' and us' as every 
map is minimal, thus we obtain the Betti table for C as claimed. ■ 

In this section we have shown that for a canonical curve C C of genus 9 
and Clifford index 3 that admits a gy, every g\ can be obtained from projection 
from one of the doublepoints of the g^. Therefore in general, if none of the 
doublepoints lies infinitely near to another, then there exist exactly 6 different 
g\' s on C . The Betti table of C is uniquely determined in this case: 
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In the following considerations we concentrate on those pentagonal canonical 
curves that admit no g^. 
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4.4 Pentagonal Curves and Scrolls 

Let C be a pentagonal curve of genus 9 that admits no g^. The variety swept 
out by the hnear spans of these divisors is a 4-dimcnsional rational normal scroll 

X = [Jdcp^ 

Degl 

At first we determine all different possible types £'(61,62,63,64) of X which 
can occur: These are S{2, 1, 1, 1), S{3, 1, 1, 0) and 5(2, 2, 1, 0). Then we resolve 
Oc as an Ops -module as described in Chapter 1 to get certain conditions on 
(ai,...,a5) in this resolution. The number of different (ai,...,a,5) can be re- 
duced to the remaining three cases (ai, ...,05) = (2, 1, 1, 1, 1), (2, 2, 1, 1, 0) and 
(2, 2, 2, 0, 0). We will then only focus on the case, where X is of type 5(2, 1, 1, 1). 
For (ai,...,a5) = (2,2,2,0,0) or (2,2,1,1,0), it turns out that C has a lin- 
ear system of type g\ or a plane model of degree 7 respectively. The case 
(ai, as) = (2, 1, 1, 1, 1) will then be discussed in full detail in Section 4.6. We 
will show that it is possible for C to have one, two or even three different gl's. 
In Section 4.6.2 it wiU turn out that X ~ 5(2, 2, 1, 0) or X ^ 5(3, 1, 1, 0) occur 
as specializations of the general case, when two or three different linear systems 
of type gl become infinitely near. 

Theorem 4.4.1 Let C be a smooth, irreducible, canonical curve of genus 9 
with a base point free complete pencil gl = \D\ and Cliff(C) ~ 3. Then the 
4- dimensional rational normal scroll X swept out by the linear spans of these 
divisors is of type 5(2,1,1,1), 5(2,2,1,0) or 5(3,1,1,0). 

Proof. Wc mention that H\c ~ Kc and R\c ^ D. According to Section 1.4 
the type 5(61,62,63,64) of the scroll X can be determined by considering the 
following partition of 9 : 

d, = h"{C, Oc{Kc - iD)) - h\C, Oc{Kc ' {i + l)D)), i = 0, 3 

The numbers Ci are given by 

e^ = #{j\dj >i}-l 
Applying Ricmann-Roch we get 

h\C,Oc{Kc-D))^S-AegD + h\C,Oc{D))^b 

and 

/i"(C, Oc{Kc - 2D) - h"{C, Oc{2D)) = 9 - 1 - deg 213 = -2 

^ h'^iC Oc{Kc -2D))^ /i°(C, Oc{2D)) - 2 > 1 

because of h°{C,Oc{D)) = 2. If h°{C,Oc{Kc - 2D)) > 3 we would get a gl 
as deg{Kc - 2D) = 6, so that we can reduce to 1 < h°{C, Oc{Kc - 213)) < 2. 
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As hP{C,Oc{Kc - 2D)) > h°{C,Oc{Kc - 3D)) we have < h°{C,Oc{Kc - 
3D)) < 1 and /i°(C, OciKc - kR)) = for > 4 because of deg(ii:c - kD) < 0. 
Therefore we conclude that there are exactly the three different possible types 
for the scroll as given above. ■ 

In following sections we will only focus on the case where X is of tye S{2, 1, 1, 1). 
According to Theorem 1.4.3 the resolution of Oc as Cpfgj-module is given by 

5 

F,: ^ Op(£) (-5i/ + 3R) ^ ^Op(f ) (-3i/ + hR)^ 

2 = 1 

5 
i=l 

We consider all possible values for , bi in F» : 

Theorem 4.4.2 IfC is an irreducible, nonsingular, canonical curve of genus 9 
and Cliff (C) = 3 that admits no then the possible values Oi, ...,05, 61, ...,65 S 
Z in are: 

(ai,...,a5) = (2,1,1,1,1), (2,2,1,1,0) or (2, 2, 2, 0, 0) 

Proof. Without loss of generality we assume oi > ... > 05. The calculation of 
the numbers Ci shows that 

2.9 - 2 

^— — > ei > 62 > 63 > 64 > 
5 

and / = ei + 62 + £3 + £4 = 5. The complex F^ is sclfdual and ai + bi = / — 2 = 3, 
ai + ... + as 2(7 — 12 = 6 (cf. Theorem 1.4.3). From the structure theorem for 
Gorenstein ideals in codimension 3 (see [BE77]) we obtain further information 
from the complex F^ above: The matrix ip is skew-symmetric and its 5 Pfaffians 
generate the ideal of C in F{£), i.e. form the entries of 

5 

Y,Opi£){-~2H + a,R) ^ Op(£) 
1=1 

Thus C is determined by the entries of ip. If one of the nondiagonal entries is 
zero, say ^^45 = "054 = 0; then C is contained in the determinantal surface Y 
defined by the matrix 

^ / -014 024 034 \ 
^ \ -015 025 035 / 

since in this case the 2x2 minors of that matrix are among the Pfaffians of 0. 
With C also Y is irreducible. A general fibre of y C F{£) over is a twisted 
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cubic. Furthermore we see that none of the entries of this 2x3 matrix above can 
be made zero by row and column operations if C is irreducible. We distinguish 
the three cases X ~ S{2, 1, 1, 1), X ~ 5(3, 1, 1, 0) and X ~ 5(2, 2, 1, 0) : 

For X ~ 5(2,1,1,1), let us assume that oi > 3, then the Pfaflian ij^ e 
C'p(£) {2H—aiR)) can be written as a sum of products of global sections 
in Ov(e){H — R) and Op(g)(7J — 2R). As each summand must contain a factor 
in _ff°(P(f ), Op[£){H — 2R)) and this vector space is generated by exactly one 
global section tp^, ipQ is a factor of the Pfafhan, which contradicts that C is 
irreducible. 

In the case X ~ 5(3, 1, 1,0), a similar argument shows that for ai > 3 the 
unique global section ipo e i?°(P(£), Op(£)(7J — 3i?)) must be a factor in the 
Pfaffian of type H°(P{£), Or[£){2H - aiR)). 

It remains to exclude the cases where 05 < —1. This is only possible for 
(ai,...,a5) = (2,2,2,1,-1) or (ai,...,a5) = (2,2,2,2,-2). Therefore the last 
column of ip only contains entries in {¥{£), Or (^£-^{H — mR)) with m > 2, 
hence at least two of these entries can be made zero by suitable row and column 
operations as /i"(P(£'), Op(^£^{H — 2R)) < 2. This contradicts that the Pfaffians 
are irreducible. 

Now we consider the case X ~ 5(2,2, 1,0) : If 05 < —1 then setting k = 
04 — 05 > we obtain 

5 

05 + 4(05 + fc) = 05 + 4a4 < X^fli = 6 < 7 < 4 - 3a5 = 4(1 - as) + 05 

1=1 

=> 04 = 05 + fc < 1 — 05 = (3 — 05) — 2 ^ 65 — 04 < 3 

and therefore the entry "045 of the matrix -0 vanishs. It follows that the Pfaffians 
of tp include the 2 x 2— minors of a 2 x 3— matrix lu with entries indicated as 
below: 

H - {3 - {as + ai))R H - {3 - (a^ + a2))R H - {3 ~ {a^ + as))R \ 

H -(3 + k-{a5 + ai))R H - {3 + k - {as + a2))R H ~ [3 + k - {as + as))R J 

Then C is contained in a determinantal surface Y cP^ given by the minors 
of ui on ¥{£). If we apply Theorem 1.4.5 we see that Y is the image of Pk := 
P(C'pi {k) © Opi) under a rational map defined by a subseries of 

H°{Pk,Op,{3A+{5-3k-a)B)) 

with hyperplane class A and ruling B on Pk where a := 3 — (05 + ai) + 3 — (05 + 
02) + 3 — (05 + 03) = 9 — 3a5 — (6 — 2a5 — fc) = 3 + fc — 05. Then, the strict 
transform C of C in Pk is a divisor of class 

C" ~ 5A + (7 - 4fc - a)B = 5A + (4 + 05 - 5k)B 

It follows that the hyperplanes on Pk cut out a g'i^l^ on C" which has Clifford 
index less than 2, a contradiction. For 04 = 05 = the same argument as above 
leads to the existence of a gl on C. Thus, for (ai,...,a5) with ai > 3, there is 
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only the possibility (ai, 
of type 



(3, 1, 1, 1, 0) left. In this case, the matrix ip is 



/ H + R H + R H + R H \ 

H-R H-R H-2R 

H-R H -2R 

H -2R 

V / 

/O H + R H + R H + R H \ 

H-R H-R H 2R 

H - R H 2R 





V 







hence C is contained in a determinantal surface Y given by the 2x2 minors of 



H+R H-R H-R 
H H -2R H -2R 



onF{£) ~S'(2,2,1,0). Y is the image of Pi = P(Opi(l)©Opi) under a rational 
map defined by a subseries of 

i/0(Pi,Op,(3A + B)) 

and the image C of C in Pi is a divisor of class 

C" - SA + 2B 

(cf. Theorem 1.4.5) from which we deduce the existence of a cut out by the 
hyperplane sections. 

Then the given possibilities for (oi, ...,05) remain. ■ 

For the rest of this section we will examine the two cases (ai,...,a5) = 
(2, 2, 2, 0, 0) and (ai, 05) = (2, 2, 1, 1, 0), where it will turn out that either we 
get a linear system of type gl or a plane model of C of degree 7 respectively. 

Theorem 4.4.3 Let C be a curve given by the Pfaffians of a matrix ip with 
entries on a scroll of type S{2, 1, 1, 1) as above. Then 

a) For (oi, 05) = (2, 2, 2, 0, 0) the curve C has Clifford index 2. There exists a 
special linear series of type gl and the Betti table for C has the following form: 
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b) For («!,... ,05) = (2,2,1,1,0) the curve C has Clifford index 3 and there 
exists a plane model of degree 7. The Betti table for C is given by: 
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Proof, a) For (ai,...,a5) = (2,2,2,0,0) the matrix ij} in the resolution F» of 
Oc on the corresponding P'^— bundle P(f ) is of type 



/O H+R H+R H -R H - R \ 

H+R H-R H-R 

H-R H-R 

H -'iR 
V / 

/O H + R H + R H-R H-R\ 

H+R H R H R 

H-R H R 







V 



Applying Theorem 1.4.5 again, we see that C is contained in a determinantal 
surface Y, given by the minors of the 2x3 matrix 



V'14 ^^24 -034 
V'lS V'25 -035 



H-R H-R H-R 
H-R H-R H-R 



with {H — i?)-cntries on F{£). Therefore F is a blowup of x P-'^ in 3 points. 
The strict transform C of C in y is a divisor of type (5,4), thus we get a 
gl from projection onto the second factor of P^ x P^. From Theorem 3.2.2, we 
expect for C to admit the following Betti table: 
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Considering the corresponding mapping cone construction (cf. Theorem 1.4.3) 
and calculating the ranks of the non minimal maps leads to the same Betti 
table, thus it follows that C has Clifford index Cliff(C) = 2, and C admits a 
gl X gl, but no gj or g|. 
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b) In the case (oi, 05) = (2, 2, 1, 1, 0) the matrix ip has the following form: 



H + R H 
H 




H H~ R \ 
H H - R ^ 

H - R H ~2R. 
H -2R. 




/ H + R H 
I H 



H H - R \ 
H H - R ' 

H ~ R H - 2R 






As one of the H — 2R entries can be made to zero, we can assume that 
V'45 = 0- It follows from Theorem 1.4.5 that C is contained in a determinantal 
surface Y given by the 2x2 minors of the matrix 

f ^'u 4'24 ^3i\ ( H H H-R \ 

y^'is ^25 ^p35 J ^ \ H-R H-R H-2R J 

on F{£). y is a blowup of in 6 points. The strict transform C" of C in F is 
a divisor of type C ^ 5 A + 2B, hence there exists a cut out by the class of 
a hyperplanc divisor A. Calculating the ranks of the non minimal maps in the 
corresponding mapping cone, it turns out that the Betti table of the minimal 
free resolution of Oc is the same as determined in Theorem 4.3.2, hence C has 
Clifford index 3. ■ 

So far we have seen that in the case, where C is a smooth, irreducible, canon- 
ical curve of Clifford index 3 that is contained in a scroll of type S'(2, 1, 1, 1), 
for any possible configuration (ai, 05) ^ (2, 1, 1, 1, 1) the curve C has a plane 
model of degree 7. In the next section we will concentrate on the " general case" 
(ai, ...,05) = (2, 1, 1, 1, 1). We will show that it is possible for C to have exactly 
one, two or even three different linear series of type gl and that they correspond 
to syzygies in the minimal free resolution of Oc- 
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4.5 Curves with ordinary gl 

In this section we will formulate our main theorems. We have seen that for a 
pentagonal curve C C X with Cliff (C) = 3, that admits no and is contained 
in a scroll X of type S{2, 1, 1, 1), there exists exactly one type for the matrix i/j, 
whose Pfaflians generate the vanishing ideal of C on the scroll X. The following 
theorems give the correspondence between the possible number of different gl^'s 
and the Bctti numbers for C C P^. 



4.5.1 Types of i/j and non minimal maps 



For (ai, as) = (2, 1, 1, 1, 1), the resolution of C on the associated P"^— bundle 
P(£:) is of type 



^ Op(f ) (-5ff + 3i?) -> C»p(£) {-3H + R)® {-3H + 2R) 



B4 t 



A C)p(£) {-2H + 2R) © (-3i/ + ^ Op(£) -^Oc^O 
with ip a skew-symmetric matrix with entries as indicated below: 



(*) 



f H H H H \ 

H R H R H R 

H R H R 

H R 

V / 



We have already mentioned that the vanishing ideal of C C P(£') is given by the 
Pfafhans of if). As we assumed that C is irreducible, at most one entry in each 
row and column of ip can be made to zero by suitable row and column operations. 
Especially if one of the (iJ— i?)-entries is zero, we can assume V'45 = 0, then none 
of the remaining ones, except ^"23, can be made zero. In the case where ^"45 = 
V'23 = the global sections ^/'24, '025, '034, ■035 G i?"(P(f ), Op(£) (H—R)) are linear 
independent as otherwise C contains a proper one dimensional component, given 
by the vanishing locus of these sections, hence C cannot be irreducible. In the 
following theorems we will show that the H — R entries that can be made to zero 
exactly correspond to different additional linear systems of type gl . It turns out 
that up to conjugation there occur 4 different types for the 4 x 4— submatrix ijj 
of ip with entries in H° {¥{£), Op^£){H - R)). 
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Lemma 4.5.1 Let C be an irreducible smooth pentagonal curve C of genus 9 
that is contained in a scroll oj type S(2, 1, 1, 1). IfC is given by the Pfaffians of 
a matrix ip with entries as in (*) then ip is conjugated to one of the following 
types: 



B 



C 



D 





( ° 


H 


H 


H 


H 


\ 









fi 


h 


/3 













h 


/5 















/l 






I 











/ 




/ 




}j 


}j 




\ 






n 


Ji 


fo 

J2 


J 3 




V ~ 








u 


f. 
Ji 


/5 






















I 











/ 
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H 


H 


H 


H 


\ 












/2 


fz 













/4 


h 






















V 











/ 




/ 


H 


H 


H 


H 


\ 









fi 


f2 


/3 













h 


/2 






















v 











/ 



with linear independent fi, /s G H'^{F{£), Op(^£^{H — R)). 



Proof. As we have already mentioned, the case 



/ H H H H \ 







/2 
/4 





V 



/3 
/2 


J 



cannot occur since in this situation C contains a proper one dimensional compo- 
nent on P(£^) given by the vanishing locus of the sections f2, fi G H'^{^{S),Op(^£-) [H- 
R)), so C cannot be irreducible. It remains to remark that D is a special case 
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of B, where /2, . 
get 



, /s are linear dependent and /i ^ (/2,...,/5). Therefore, we 



/ 



V 



H 




/i 




H 

h 





h 
h 


/ 



with one of the entries /2,...,/5 being a hnear combination of the others. It 
follows, that il) has the form as given above. ■ 



To obtain the minimal free resolution of C C P , we have to determine the 
rank of the only non-minimal map in the corresponding mapping cone (MC) of 
which arise from the 4 x 4— submatrix ip of ip: 



T 



52G(-3)®4 
T 

G(-4)®4 
T 

a2^(_5)®4 

T 
T 



T 



G(-2)®4 

T 
T 
T 

h'^F®DG*{~6)®'^ 
T 

D2G*{-7)®'^ 



Identifying V»i G ir°(P(f ), Op(£) (i? - i?)) = i^°(P^F), i,j = 2,..., 5, and 
H°{f{£), Op(^£){R)) ^ i70(p8, G) (cf. page 18), a is given by the wedge product 
with the corresponding section: 



The following lemma answers the question of how the rank of a depends on the 
type of ip in Lemma 4.5.1: 



Lemma 4.5.2 According to the 4 different types of ip in Lemma 4-. 5.1, we get: 

a) rank a = AO <^ ip ^ A 
h) rank a = <^ ijj ^ B 
c) rank a = 'i2 <^ tp ^ C or ijj ^ D 
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// C is given by the Pfajfians of a matrix ip, then the Betti table for C has the 
following form 








1 


2 


3 


4 


5 


6 


7 





1 
















1 




21 


64 


70 


a 








2 








a 


70 


64 


21 




3 
















1 



with a = 44 — rank a 

Proof, a) The matrix -0 has the foUowing form: 

/ H H H H \ 

/l /2 /3 

V'-^ 0/4/5 

/i 

V / 

with hnear independent entries /i, ...,/5 e {¥{£), Or (£){H-R)) ^ i7"(P^F). 
An easy calculation (c.f. Appendix 6.1) shows, that kera = 0. 
b) A similar calculation (c.f. Appendix 6.1) as in a) shows that the kernel of a 
is given by: 



kera ■ 



( ° 


\ 


/ 




( 












f2 A fi 









1 


\ 


/ 


V /3 A /s 


) 













/2 A /s + /3 A /4 
/2 A/4 



i.e. rank a = 36. 
c) For ip ^ D, kera is generated by 8 elements (cf. Appendix 6.1): 



kera = 



V 






/2A/4 




V /2 A /3 ; 






/2 A/3 

V /3 A /4 y 






fs A /4 

V f2 A /4 y 



/ /2 A /3 \ / 




V /i A /3 y V 



\ / /2 A /4 \ / /3 A /4 \ 

/2A/4 " " " " 

/1A/4 





y 



/3A/4 


V /i A /4 y 



/2 A /3 
/l A /3 





and in the in the case "0 ~ C we obtain (cf. Appendix 6.1) 



kera 



/ \ 

fi A /s 





V /3 A /s y 






/3 A /s 
V /3 A /4 + /2 A /s / 



-.A A /5 
./a A /4 - /2 A /5 








/2 A /4 








/3 A /4 + /2 A /s 
/2 A/4 



/ /2 A /3 \ 







/ f2 A /s - /3 A /4 \ 
/2 A/3 



V / 
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Remark 4.5.3 For char(k) ^ 3 the rank of a is determined by the matrix ip 
as in the above lemma. In the case char(k) = 3 we obtain further elements in 
ker(a) for "0 of type A and B. To be more precisely in this special situation we 
get dim(kera) = 2 and 6 for ip ^ A and ip B respectively (cf. Appendix 6.1). 
In the situation where C is given by the pfafhans of a matrix as in (*) on a 
scroll X of type S'(2, 2, 1, 0) or 5(3, 1, 1, 0) the Betti table for C can be calculated 
in the same way as for S'(2, 1,1,1). i.e. the only non minimal map has rank 
depending on the type of ip as in Lemma 4.5.2. 

We have provided the basic information to calculate the Betti tables for 
curves C, that he on a scroll of type S{2, 1, 1, 1) and have one, two or three 
different g^'s. It remains to assign the different cases to the different possible 
types for the matrix ip. This will be done in the next section. 



4.5.2 Geometric interpretation 

Lemma 4.5.2 says that the Betti table of the minimal free resolution of Oc is 
determined up to the entries (3^^, — /345, which can be equal to 4,8 or 12. We 
have seen that for = 8 or /Sas — 12 the matrix ip is of type B, C or D 
in Lemma 4.5.2, i.e. at least one (H — i?)-entry of can be made to zero by 
suitable row and column operations. If we apply Theorem 1.4.5, it follows that 
C is contained in a surface Y given by the 2x2 minors of a matrix 

f H H -R H -R\ 
'^'^ \ H H - R H - R ) 

on ¥{£). r is a blowup of x PMn 7 points. The image C" of C in x P^ 
is a divisor of type (5,5). The existence of at least two different g^'s that are 
cut out by the factor classes |(1,0)| and |(0, 1)| on P^ x P^ follows. The next 
theorem shows that even the converse is true, i.e. /Jss = 4 if and only if C has 
exactly one gl : 

Theorem 4.5.4 An irreducible, nonsingular canonical curve C with Clifford 
index 3 that admits no g"^ has exactly one ordinary linear system of type g\ if 
and only if it C is given by the pfaffians of matric ip is of type A on a scroll X 
of type S{2, 1, 1, 1). The unique g\ is cut out by the class of a ruling R on X. 
The minimal free resolution of Oc as Opa — module has the following Betti table 
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1 




21 


64 


70 
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70 
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Proof. It remains to prove that in the case where C has an additional g\ = |D| , 
obtained from an effective divisor D of degree 5 on C, we get (3^,^ = (3^^ ^ 4. 
Now let us assume this case, then there is a map 

^Ifllcjxpi ^, ^pi 

C" is a divisor of type (5, 5) on x P\ hence Pa{C') = 4 • 4 = 16. Because of 
Pa{C) — g{C') = 16 — 9 = 7 the space model C" of C has certain singularities. 
If C has a singular point with multiplicity 3, then projection from this point 
leads to a in case of a triple point or a special linear system of lower Clifford 
index, which is not possible as in this situation we would get a different Betti 
table. It follows that C" has exactly 7 double points pi,...,p7. Let S be the 
surface, which is obtained from X := P^ x P^ after blowing up the singularities 
of C": 

cr : S* = ...,P7) ^ X = Pl X pl 

We denote A (1, 0) and B ~ (0, 1) the two factor classscs of Pi := ¥{Opi ® 
Opi ) ~ X P^ , and by abuse of notation also their puUbacks to S. Ei denotes 
the total transforms of the point pi for i = 1, ...,7. We can assume that C is 
the strict transform of C" on S: 

7 

C r^bA + bB ~^2Ei 
We consider the rational map 

V3 : 5 ^ 5' C 

defined by the adjoint scries 

V = H"{S,ujs{C)) = H"{S, Os{3A + 3B- ELi^O) 

which is base point free according to Corollary 2.2.1. We want to apply our 
results on page 23 to show that the variety 

X ^ [J BxCP^ 

B^e\B\ 

is a 4-dimcnsional rational normal scroll. Therefore we have to check the fol- 
lowing conditions for H = 3yl + 3B — El=i-^i- 

1. h°{Os{H-B)) > 2 

2. H^iOsikH - B)) = for fc > 1 and 

3. the map SkH°Os{H) H°Os{kH) is surjective 

The first condition is trivial because of h^{Os{H — B)) > 12 — 7 = 5 and 
3. follows from Corollary 2.2.1 where S' turns out to be arithmetically Cohen 
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Macaulay. It remains to examine the second condition. Consider the exact 
sequence 



and the corresponding long exact sequence of cohomology groups 

^ H^Os{kH -B)^ H°Os{kH) ^ H°OB{kH\B) ^ 
^ H^OsikH -B)^ H^Os{kH) = 

We first show that H°Os{H) % H°Ob{H\b) = H°Opi{H.B) = H°Opi{3) 
is surjective. If h^{Os{H — B)) = d > 5 then the complete linear system 
\{H -B)\c\ would be of type gf:[^ and therefore Cliff (C) < 2. It follows that 
h°{Os{H - B)) = 5 and thus dim(5>9-5 = 4 = h^Opi{?,), so 5i is surjective. 

As further consequence we also obtain that H^Os{kH) % H°OB{kH\B) is sur- 
jective (the image of B under ip is & rational normal curve), hence H^OsikH — 



Let TT : P(f ) denote the corresponding P^-bundle and S" the strict trans- 

form of S' in f{£). Then f{£) is of type 5(2, 1, 1, 1) an Theorem 1.4.4 tells us 
that Os" has an Cp(£) -module resolution of type 



^ Ovis) {-iH + 2i?)®2 ^ Or(£){-2H + i?)®^ © Or(£) {-2H + 2R) 



with entries in H^{f{£), Or(£) {H - a,R)), a, e Z for i = 1, 2, 3. From Theorem 
1.4.5. we obtain certain conditions on the numbers : 



As S" is irreducible, we must have < 1 for all i and therefore, assuming 

Ol > 02 > 03 : 



^ Os{kH - B) -> Os{kH) OB{kH\B) -> 



B) = 0. 



where to is given by a matrix 




5 — 3 ■ — (fli -1-02-1- 03) = 3 oi -I- 02 -I- 03 = 5 — 3 = 2 
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The corresponding mapping cone 



T T 



52G(-3)®2 . G(-2)®2 

T T 

i^®G(-4)®2 . F(-3)®2 

t T 

T T 

A4i^(-7)®2 > a4F®DG*(-6)®2 

t T 

DG*(-8)®2 . D2G*(-7)®2 



Op(£)(-2i7 + 2i?) 
T 



P(£) 



52G(-2)®2 
T 

i^0G(-3)®2 

t 

A2i?(™4)®2 

t 

A4f(_6)®2 

T 

i:»G*(-7)®2 



T 

a2F(-2) 
t 

A^F® DG*(-3) 
t 

h*F®D2G*{~A) 
T 

^3G*(-5) 



gives us a (not necessarily) minimal free resolution of Os'- We calculate the 
rank of the only non minimal map (cf. Appendix 6.2) 



7 : A^f^(-5)®2 i^. A^i^(-5)®^ 
which is obtained from the matrix 



Wl2 Wis 
t^22 W23 



H -R H 
H -R H 



R 
R 



7 



/lA/2 

/3A/4 



/i A /2 A UJ12 + /a A /4 A UJ22 
fi A /2 A CJ13 + /a A .A A CJ23 
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with /i, ...,/3 e H^F. The matrix ( ^'^^ I has full rank since S is irre- 

\^ 0^22 W23 / 

duciblcw. A calculation shows that dimker7 = 4: 

^tJl2 A LJl3\ f \ ( ^^12 A W23 + ^^22 A W13 

/ ' \tJ22 A UJ23, ) ' \'^12 A Wl3 + ^^^22 A W23 



ker7 



/ UJ12 A tJi3 + W22 A a;23\ > 
\a.;i2 A tJ23 + ^^22 A wia / 
Therefore, the Betti table of the minimal free resolution of Os' is given by 
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4 
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6 





1 














1 




17 


46 


45 


8 






2 








4 


25 


18 


4 



C is contained in S", hence the Betti number (3/^^ in the minimal free resolution 
of Oc has to be greater or equal than 8, which contradicts (3^ = (i^^ = 4. ■ 

Remark 4.5.5 In the proof of Theorem 4.5.4 it turns out that for a pentagonal 
curve C on a scroll X of type 5(2, 1, 1, 1) that has two different g\, there exists 
a determinantal surface S' C X that contains C. This surface has Betti table 
as follows 

1 

17 46 45 8 

4 25 18 4 

Considering the exact sequence 

a mapping cone construction gives a (not necessarily minimal) free resolution 
for C : As Os'{—C) = ujs' the Betti table for the minimal free resolution of los' 
as Ops— module is given by 

4 18 25 4 

8 45 46 17 

1 

Then the Betti table for C can be obtained as sum of these two Betti tables, 
except the values for (3^^^ — P45 which are determined by the rank of the non 
minimal map "'in the middle"': 



1 



17 46 45 8 4 18 25 4 

4 25 18 4 8 45 46 17 

1 

21 64 70 1345 

[335 7 6 4 21 

1 



1 
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In this situation, we know that 8 < = < 12. In the case of a trigonal and 
tetragonal curves the Betti table for C could always be obtained from that of a 
detcrminantal surface 5" that contains C (cf. Theorems 3.1.2 and 3.2.2): It is 
given as the direct sum of the Betti tables for Os' and los' ■ However, in Theorem 
4.5.9 we will see, that for a pentagonal curve with exactly two different g\ this 
property fails for pentagonal curves. In this situation we get j3j,b = Pib — 8. 
In Theorem 4.2.2 we considered pentagonal curves C with exactly one g\ of 
multiplicity one. It turns out that C admits a with exactly one triple point 
and 9 double points as only singularities. Blowing up in the singular points 
we get a surface S and with the methods of Chapter 2 and Theorem 1.4.5 we can 
see that its image S" C X C under the adjoint series on S has a determinantal 
representation, i.e. on the corresponding P'^-bundle P(£') the surface S' is given 
by the 2x2 minors of a matrix 

/ H-aiR H-a2R H - aaR \ 

^ \ H - {ai + l)R H -{a2 + 1)R H - (03 + 1)R ) 

with fli + a2 + 03 = 0. 



The next step is to examine the case where C has at least two different 
special linear series of type g^. As in the proof of Theorem 4.5.4, we consider 
the space model C" C P^ x P^ C P^ of C given by \Di\ and \D2\ : 

With the notations as above C is a divisor of type (5, 5) ^ 5A + 5B on P^ x P^ = 
Pi = P{Opi © Opi) and we can assume that C has exactly 7 (possibly infinitely 
near) double points since otherwise C has a or a special linear series of lower 
Clifford index: 

Blowing up the singularities of C" we can assume that C is given as strict 
transform of C": 

C ^5A + 5B- 'ELi2E, 

and Kc ~ (3^ + 3S — ^J^j^ Ei)\c- Then the two different linear systems of type 
gl are given by the divisors Di ~ A\c and D2 ^ B\c- In the next step, we will 
examine whether it is possible for C to have a third gl and how such a special 
linear series can be obtained: 



Theorem 4.5.6 Let S be the iterated blowup in 7 (possibly infinitely near) 
points pi, ...,Pj onP^xP^ andC ^A+bB—^^^^2Ei an irreducible, nonsingu- 
lar curve with Cliff (C) = 3, that admits no gj. Then C has two different g^ given 
by the divisors Di ~ A\c and D2 ^ B\c- If C admits a third gl = \D\ , different 
from \Di I and \D2 \ , then there exists a point p £ C with D ~ Kc — Di — D2 — p. 
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Proof. Let us assume that there exists a further gl = |D| , D an effective 
divisor on C. From the base point free pencil trick we get a long exact sequence: 

^ H%C, OciDi - D2)) ^ OciDi)) ® i/0(C, ©0(^2)) ^ 

^ H'^iC Oc{Di + D2)) -> H\C, Oc{Di - D2)) ^ ... 

As £)i D2 it follows that /i"(C, Oc{Di - D2)) = and therefore 

;i°(C7, OcPi + D2)) > h°{C, Oc{Di)) ■ Oc{D2)) = 4 

Hence /i°(C, Oc(£'i + £'2)) = 4 as for /iO(c^ Oc(-Di +I?2)) > 4 the linear system 
l-Di + I?2| would have Clifford index 

I = dcg(i?i + i?2) - 2(/i°(C, 0c(^i + ^2)) - 1) < 2 

Applying the base point free pencil trick again, we obtain the exact sequence 

^ Oc{Di +D2- D)) ^ H^{C, Oc{Di + D2)) ® H"{C, Oc{D)) ^ 

^ H\C, Oc{Di +D2 + D)) ^ H°{C, OciDi + D2 - D)) ... 

from which wc deduce 

h°{C, Oc{Di+D2+D))>A-2-h\C,Oc{Di+D2-D))=%-h\C, Oc{Di+D2-D)) 

The first step will be to exclude h'^{C, Oc{Di + D2 — D)) > 2, where we must 
have at least two distinct effective divisors 

D*,D** ^ D1+D2-D 

^iA + B)\c ^Di+D2^D + D*, D + D** >0 

The divisors D + D* and D + D** are effective divisors and linear equivalent to 
Di + D2. We already know, that /i°(C, Oc{Di + D2)) = 4 and therefore every 
effective divisor, linear equivalent to Di + D2 can be written as {h\c) with an 
element h e H"{S,Os{A + B)). Let h*,h** £ H"{S,Os{A + B)) with D*+D = 
ih*\c) and D** + D = (/i**|c)- It follows that Hi := (h*) and H2 := (h**) must 
have at least the 5 points of D in common. As {A + B).{A + B) = 2 < 5, this is 
only possible, if they contain a common divisor T ^ aA + bB - J^Li^^^i- We 
assume that F is maximal in the sense that Hi — F and H2 — F have no further 
component. Then wc must have < {Hi-T).{H2-T) = 2{l~a){l-b)~J2l=i>^f ■ 
For (a, b) ^ (0, 0) this is only possible ff F - Ei + Ej,T ^ E, - E, or T ^ Ei 
for distinct i,j G {!,..., 7}. If F ~ iJ^ + Ej or T ^ E, - Ej then we get 
{Hi -T).{H2 -T) = and therefore {Hi - T)\c and {H2 - T)\c have no 
common points. Then D* — D** ={Hi — r)!^ — {H2 — F)!^ is not possible as 
{Hi-T).C = {H2-T).C > 6. For F ~ Ei the correspondance £»* -£>** ={Hi- 
r)\c — {H2 — F)!^ says that {Hi — F)!^ and {H2 — F)],:; must have at least 
{Hi—T).C—5 = 3 points in common, which contradicts to F).(i/2— F) = 1. 
Thus wc deduce the existence of a common component I e H'^{S,Os{A)) or 
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I G H°{S, Os{B)). We consider the first case where h* = I ■ I* and h** = I ■ I** 
with I G H°{S,Os{A)) and I*, I** G H°{S,OsiB)). Now we conclude that 
{l*\c) = D* and (/**|c) = D** and therefore Di + D2 - D ^ D2 ^ D ^ Di, 
a contradiction. For Z G H^{S,Os{B)) the same argument holds. It remains to 
show that it is not possible for Oc{Di + D2 — D) to have exactly one global 
section. From dim \D\ = 1 we obtain two different, effective divisors D* , D** ~ 
D. As 

Oc{Di+D2-D)) = h''{C,Oc{D^+D2-D*))=h\C,Oc{Di+D2-D**)) = 1 

there exist effective divisors D*,D** on C with Di + D2 - D* ^ D* and Di + 
D2 - D** ^ D**. We get two effective divisors 

D* := D* +D* ^ Di+ D2 
b** := D** + D** - Di + D2 

linear equivalent to Di + D2 and in consequence D* = {h*\c), D** = (/^**|c) 
with G i?0(5,qs(^ + -B)). Because of /i°(C,Oc(£'i+ £'2- £>)) = 1, the 
effective divisors D* , D** have to be equal. Therefore 

{h*\c) - {h**\c) ^D* - D** 

and the same argument as above leads to D ^ Di ot D ^ D2, hence we get a 
contradiction. The inequality 

Oc{Di +D2 + D))>8- h\C, Oc{Di + D2 - D)) ^ 8 

becomes an equality since from Riemann-Roch we obtain 

h"iC, Oc{Di +D2+ D)) = h"{C, Oc{Kc -Di-D2-D) + 7 

< 7 + deg(Ac ~Di-D2-D) = 8 

(cf. [Hs77] page 298 Ex. 1.5.). It follows that /i"(C,Oc(Ac--Di-L»2-£') = 1, 
hence the existence of a point p G C with 

pr^ Kc - Di- D2- D 

so 

7 

D^Kc-Di-D2-p-i2A + 2B)\c-Y,E,\c-p. 

1=1 

■ 

Given an irreducible pentagonal curve C ^ 5A + 5B — Yll^i^Ei on a blowup 
of X P^, having two different g^, given by Di ~ A\c and D2 ~ B\c, and 
no gj, in the case where C has a third gl ~ \D\ this linear system is uniquely 
obtained from a divisor 

7 

D Kc - Di - D2 ~ p {2A + 2B)\c -"^E,\c-p 

1=1 
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with p G C. In the proof of the above theorem, we have seen that [C, Kc — 
Di — D2) =2, hence there exist two global generators gi, 32 G Os{2A + 

25 — ^[^-^ Ei)). Geometrically, the complete linear system |2A + 2i3 — ^J^^ Ei\ 
is given by a pencil (Qa)a of conies passing through the points pi, ...,P7 (cf. 
picture on page 56). Conversely if D is an effective divisor linear equivalent 

to {2A + 2B)\c -ELlE^\c ~P, we get i2A + 2B)\c - ELi E^\c ^ D + p. 
Thus \D\ is cut out by the pencil {Qx)x. As {2 A + 2B).{2A + 2B) = 8 we 
get h°{C, Oc'iKc - Di- D2- p)) = 2, hence dim \D\ = 1 if and only if p is 



the bascpoint of the linear system 



2A + 2B- YJ^=i 



. In general we would 



expect for D to give a different linear system of type g\ from \Di\ and \D2\. In 
the following theorem, we will see that D ^ Di or D ^ D2 can occur in special 
configurations. For this purpose let us denote the global sections of Os{A) 
and Os{B) by A, /i and s,t respectively and w.l.o.g. {\\c) ~ Di and {s\c) = 
D2, then ijO(C,OcPi)) = {Mc,^^\c) and H%C,OciD2)) = {s\c,t\c) ■ We 
consider the natural maps 



i=l 

and 



i=l 



H"iS, Os{B)) H"iS, Os{2A + 2B-J2 E^)) ^ H"{S, Os{2A + 3B~J2 E^)) 



i=l 



i=l 



Then it turns out that ker Si — ii and only if D is not linear equivalent to Di 
for i = l,2: 

Theorem 4.5.7 Let C be given as in Theorem 4-5-6 and D ~ {2A + 2B)\c — 



Y^l^i Ei\c—p with p the unique base point of 2A + 2B — X]I=i Ei on C . Then, 
for 1 = 1,2, we get G {1, 2} and 

ker 6i ^ D ^ <^ m^jj] = 2 

Proof. ED ^ Di^ {2A + 2B)\c - ELi Er\c - p ^ A\c ^ (A + 2B)\c - 
EI=i Ei\c + P then it follows the existence of an element 7 G H^{C, Oc{{A + 
2S)|c " ELlE^\c)) and therefore H°iC,Oc{{2A + 2B)\c - ELiE^Ic)) = 
(A|c ■ 7- mIc • 7} . We can assume that {gi\c) = (A|c • 7) and {g2\c) = (m|c • 7)- 
Hence (/i • 51 — A • (/2)|c = and taking into account that 



H°{C, Oc{{2A + 3B)\c - ELiEM) 



H\C,Oc{Kc^A\c)) = 

H%S, Os{2A + ■iB-E]=^E^))\c 



we conclude that fi - g2 — )^ ■ gi = ^ ker (5i = (/^ (8) 52 — A 51} 7^ 0. Moreover 
the divisors Qi, Q2 ^ 2A+2B—Ei=i Ei given by gi and 52 must have a common 
component F of type A + 2B — Ei=i Ei- Then F passes through the point p. 
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Conversely from ker 6i ^ we deduce the existence of A,/i G H'^{S,Os{A)) 
with ~X-gi= ix-g2, hence (52 |c) - (ffi|c) = (Ale) - (A|c) ^ D ^ D2. Yor i = 2 
the statement follows in analogous way. 

For the second equivalence we assume that D ^ Di, then according to the 
approach above, we must have a curve F of type A + 2B — that passes 

through the point p. Thus h°{C,Oc{Kc - 2Di)) = h°{C,Oc{iA + 3B)\c - 
J2LiEt\c)) = 2 and applying Riemann Roch, it follows h°{C,Oc{2Di) = 4. 
The same holds for D2. For the other direction, let us assume that hP{C, Oc{2Di) = 
4 equivalently h\C, Oc{{A + ZB)\c - ELi E^\c) = h°iC, Oc{Kc - 2Di)) - 
2. Hence the existence of two different effective divisors Ki and K2 of type 
{A + 3B — Y^l^i Ei)\c on C follows. The following argument shows that they 
arc cut out by a pencil of divisors of class A + 3B — X]I=i above: Without 
loss of generalisation we can assume that (A) is irreducible and that Ki is cut 
out by an effective divisor Ej G H"{S, Os{A + 3B - ELi^O) 0, then 

Ki + (A'lc) = Silc + 2(A|c) - Kc 

and 

K2 + 2(A|c) ~ Kc 

hence we obtain 

K2^n\c~2{\\c) 

with an effective divisor ~ + 35 — El=i-^i- Because of degii'2 = 6 and 
degOlc = 16, the divisors O and A := 2(A) must intersect in 10 points in the 
case where (A) is not contained in fi. As 2A.VI = 6 this is not possible. Thus 
F = (A) or 2(A) is a common divisor of Vl and A, i.e. — F and A — F are 
effective. After substracting (A) once we get A'2 = (f2 — {X))\c ~ ('^Ic) a-nd 
as dcg(0 - (A))|c = 11, A.{n - (A)) = 3 the curves {Q. - (A)) and (A) must 
contain a further common component (A). It follows the existence of an effective 
divisor S2 := — 2(A) ~ A + ZB — Ei=i-^ii that is distinct from Si. Now from 
E1.E2 = 6 — 7= —1 < it follows that they contain a maximal common divisor 
V ^ aA + bB ~ J2]^iXiEi, a, 6 G N and A^ G Z, in the sense that Si - F and 
S2 — F contain no further common components. Here we can assume that F is 
not a union of components of type Ei or Ei — Ej, as from substracting such a 
component the intersection product (Si — F).(S2 — F) < S1.S2 < would stay 
negative. We distinguish the different cases for F : 

- a = 1, 6 = S, = F + r^j with n^ ~ 3B + X;Li(^* - 1)-^' fo'' « = 1,2. Thus 
we obtain Qi.fl2 = -J2i=ii'^i - 1)^ < and ^i.D.2 = <;=> Ai = ... = Ay = 1 ^ 
T ^ A — El=i-^i, which gives a contradiction as F.C < and C was assumed 
to be irreducible. 

a = 0, 6 = 1 ^ S, = F + with A + 2B + ELi(^» - ^)Et for i = 1, 2. 

Because of ili.il2 = 4 — El=i('^i ~ 1)^ > at least three of the A^ are equal to 
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one, we assume this for Ai, A3. But then 

777 
T.C = 5-J2 2A. = 5 + J2{X. - 1)2 - ^(1 + A^) < 

i—1 i—1 

7 

<9-^(l + A?) <0 

1=1 

which contradicts that C is irreducible. 

a = 0, b = 2 ^ T., = T + n, with ~ A + B + ELi(-^» - 1)-^^ ^oi i = 1,2. 
Then < 171.02 — 2 — Y^l^iiK — 1)^ and therefore Ai = 1 for at least five 
distinct i, we assume i — 1, ...,5. Then consider a divisor L of type (0, 1) on 
P-'^ X P-'^ that passes through one of the points pi,...,p5. Its strict transform 
L* :~ (j*L ~ i? — X]I=i l^iEi, fJ-i and fiig > 1 for at least one iq G {1, 5}, 
has to be a component of T as T.L* < 0. Therefore F factors into two compo- 
nents Fi and r2 with one of them, we assume F being of type B — X]I=i f^i^i: 
fii G {0, 1} and #{i : y^i = 1} > 3. Therefore Fi.C < 5 — 6 < 0, a contradiction. 

a = 1, 5 = 1 =^ = F + with n, ^2B + ELi(^» - ^^t i = 1, 2.From 
< ^1.^2 ^ ~ ELi(^* - 1)2 < it follows, that Ai = ... = A7 = 1, which is 
not possible as we would get F.C=10— 14<0. 

a = l, & = 2==^Ei=r + fii with ^ B + ELi(-^» - 1)-^^ fo'' « = 1, 2. As 
< V,i.V,2 = — Y^J^ii^i — 1)2 we must have Ai = ... = Ay = 1, thus the curve 
F is of class A+2B — Y^i^i^i- In this situation it follows that D ^ Di as above. 

a = 0, 5 = 3 ^ = F + fij with ~ A + J2l=i{K - ^)Et for i = 1, 2, hence we 
get Ai = ... = A7 = 1. Then F is an effective divisor of type 3B ~ X]I=i^i which 
intersects C in one further point q. Let Qj := (gj) ~ 2A+2_B — ^J^^E'^, j = 1, 2, 
denote two of the conies that span the pencil {Q\)\, then T.Qj = 6 — 7 < 
and thus it follows the existence of a maximal common component Aj of F and 
Qj. For Ai - B - J2l=l>^^E^, A* G Z, wc obtain > (Qi - Ai).(F - Ai) = 
4 — Y^l^iiK — 1)2 and therefore we can assume that Ai = ... = A3 = 1 and 
A non negative for all i. However this contradicts to the irreducibility of C 
because of Ai.C = 5 - ^J^^ 2Aj < 9 - EI=i(1 + < 0. The same argu- 
ment shows that Ai ^ _B — Y^l=i^iEi is not possible. It remains to discuss 
the case where A^ 2B - Yn^^XiEi : Here we get > (Qi - Ai).(F - Ai) = 
2 — Y^l^iiK — 1)2 and therefore we can assume Ai = ... = As = 1. Now from 
< Ai.C = 10 - J2L1 2A,; < 12 - ELi(1 + >h) i* follows that A5 = Ae = 0, 
hence Ai is an effective divisor of type 2B — X]i=i-^i- In the case (a, b) = (0, 2) 
we have already excluded this possibility. 

It remains to show that h"{C, Oc{Kc-iDi)) 7^ 1. For h°{C,Oc{Kc -2,Di)) = 
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1 we have h^{C, Oc{Kc — '2,Di)) = 2 and therefore with the consideratfons above 
there exists an effective divisor F ~ A + 2B — X]J=i ^i- Let L ^ Kc — iDi be 
an effective divisor on C, then we get the following representation 

7 

{A + iB-Y, E,)\c (A|c) = T\c + 

and 

L+i^i\c)=T\c + {t'\c) 

with s',t' e H'^{S,OsiB)). We conlcude {X\c)-i^^\c) = (s'lc) - (<'|c) and thus 
(A|c) ~ (s'lc) -Di ~ -D2, a contradiction. 

For 1 = 2 the claim can be proven in an analogous way. ■ 

It is time for a short overview of what we have done in this chapter: We have 
proven that a pentagonal curve C, which is given by the Pfafhans of a matrix 
V' on a scroll of type 5(2, 1, 1, 1) as in (*), has exactly one special linear series 
of type gl if and only if ip is of type A as in Lemma 4.5.1. Then the entry 
P4e = /356 of the Bctti table for C equals to 4. Furthermore wc have seen that 
if a pentagonal curve C that admits no and has two different gl's, then at 
least one of them has multiplicity one, hence the scroll constructed from |-D| is 
of type 5(2, 1, 1, 1). Therefore, in this case we can assume that C is given by the 
Pfafhans of a matrix ?/' as in (*). Moreover, it turns out that if C has a third g^, 
then this linear series is uniquely determined. In some cases it becomes equal to 
one of the two others. Now it remains to give the correspondence between these 
cases and the different types of the matrix ip which gives us the Betti table for 
C. 

Theorem 4.5.8 Let C be an irreducible, smooth, canonical curve of genus 9 
with Cliff (C) = 3 that admits no g^. Then 

a) C has exactly three different g\' s if and only if C is given by the Pfaffi- 
ans of a matrix ip of type C in Lemma 4-5.1 on a scroll X ~ 5(2, 1, 1, 1). 

b) C has exactly two different linear systems \Di\ , ID2I of type g\ with m\Di\ = 2 
and m\02\ = 1 */ O'^d only if C is given by the Pfaffians of a matrix ip of type D. 

In both cases the minimal free resolution of Oc as Ops — module has the fol- 
lowing Betti diagram: 
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Proof, a) Let us first assume that C different gl, then we already know that 
C is given by the Pfaffians of a matrix 'ip of type B, C or D (of. Lemma 
4.5.1) on a scroll X ~ S'(2, 1,1,1). As we have seen before, there exists a 
space model C" of C on x P^, having exactly 7 (possibly infinitely near) 
double points pi, ...,p7 as only singularities. We can assume that C is given as 
strict transform of C" in the blowup in the points pi, ...,p7 (cf. page 78), i.e. 
C ~ 5^ + 5B - ELi'^E, and Kc ~ (3A + 3B)\c ~ ELi ^ilc- From Theorem 
4.5.6, we already know that the three different linear scries of type gl are given 
by divisors Di ~ A\c, D2 ~ B\c and D ~ (2^ + 2B)\c - ELi Ei\c - P with 



p E C the bascpoint of 



The global sections of OsiA), 



2A + 2B- ELi 

Os{B) and H^{S, Os{2A+2B -Yi'i=i Ei)) arc denoted as in the theorem above. 
C C 5 is given by the Pfaffians of the matrix -0 regarding the entries of V' as 
global sections of vectorbundles on S. As the 2x2 minors of the submatrix 

V'U V'24 V'34 
V^IS V'25 V'35 

vanish on the two rows of oj are linear dependent on S. Therefore we get 







/ 



V 



hi 




h2 

7 




A • Lp 
A • gi 

A • 32 





M • .91 
M • 52 







with(^ G Os(2A+3B-ELi^0) and7 e H°{S, Os{iA+2B-Y,]^^Ei)). 

Recall that H\C, Oc[Di)) = (A|c, mIc) , H\C, OdD^)) = (s|c, i|c> , 
P)) = (51 1 C, 52 1 c) The curve C is given by the equation 

7 

,5 = /ii(?2 - /i25i + '/'T e H"{S, Os{5A + 5B - ^ 2^0 



Then 5 also vanishes at p as p G C As /ii(72 — ^251 vanishs at 
holds for (p7 G Os(5^ + 5B - ^Li '^E^)), hence 7 or 

p. As we assumed for \D\ to be different from \Di \ , Theorem 4, 
^ {s ■ gi,t ■ gi,s ■ g2,t ■ g2) or 7 G (A • 51, /i • gi, A ■ 32, M ■ 52)- 
(s • pi, t • (71, s • (72, i • 52) the entry -014 = A • (/3 could be made to 
row and column operations, hence we get a contradiction to our 
C is irreducible. Therefore we must have '023 =76 (A • • 
so this entry of can be made zero. This proves one direction 
For the other direction let C be given by the Pfaffians of 



p, too, the same 
has to vanish at 
5.7 tells us, that 
In the case (p G 
zero by suitable 
assumption that 
51, A • 52, 52), 



/ H H 







H 



H-R H-R 
H-R H-R 
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on a scroll P(f ) of type S{2, 1, 1, 1). Then the 5 Pfaffians are given by the 2x2 
minors of 



and 

UJ2 = 



V'14 V'24 V'34 A H H-R H-R 

^15 ^25 i^35 J ^ \ H H^R H^R 

-~i>12 ^24 i^25 \ f H H-R H-R 

-^13 ^/'34 t^35 J ^[ H H-R H-R 



Each of the minors of uji and UJ2 define a surface Yi and Y2 respectively with 
C = Yi n I2 • Both surfaces are blowups of x with C being a divisor of type 
5^ + 5B on each of them (cf. Theorem 1.4.5). Then, the two linear systems of 
type gl cut out by global sections of Oyi [B) and {B) are the same. The 
other two g\' given by A\c on Yi and Y2 respectively, have to be different as 
the surfaces Yi and Y2 are different. This proves the existence of three different 
9l's . 

b) The two different linear series of type ^5 are given by divisors Di ^ A\c 
and D2 ~ B\c- Then according to the last theorem we can assume that the 
scroll constructed from \D2\ is of type 5(2, 1, 1, 1). We have also shown that a 
third g\ is obtained from a divisor D ^ {2A + '2,B)\c — ^i\c ~ P with 

p € C the basepoint of 2A + 2B — X]I=i ■ Furthermore Theorem 4.5.7 tells 

us that D ^ D2 and D ^ Di ^ dim (A • 51, ^ • 51, A • 32, A* ■ 52) < 3. The only 
possibility for \Di \ to have multiplicity 2 is therefore given exactly in the case, 
where D ~ Di. This is equivalent to that the four entries ip2A, V'25, "034 ^^id V'24 
span a three dimensional vector space, thus ip is of type D. The claim according 
to the Betti table is a direct consequence of Lemma 4.5.2. ■ 

It remains to consider the case where C has exactly two different linear 
systems of type g\, each of them with multiplicity one. The following theorem 
is a direct conclusion from the above theorems: 



Theorem 4.5.9 Let C be an irreducible, smooth, canonical curve of genus 9 
with Cliff (C) = 3, that admits no g^. Then C has exactly two different g\, each 
of them with multiplicity one, if and only if it is given by the Pfaffians of a 
matrix tp of type B on a scroll of type S{2, 1, 1, 1). The minimal free resolution 
of Oc as Of a — module has the following Betti table 
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4.6 Infinitely near gl's 



In the last sections, we have seen that for C, an irreducible, smooth, canonical 
curve of genus 9, it is possible to have one, two or even three different special 
linear series of type gi,, such that at least one of the gl's has multiplicity one. 
We have shown that in each case C is given by the PfafRans of a corresponding 
matrix V' on a scroll of type 5(2, 1, 1, 1). Moreover we have calculated the Betti 
tables for C C . In this section we concentrate on the remaining case where C 
has Clifford index 3, admits no 177, and has exactly one gl ~ \D\ of multiplicity 
2 or 3. In this situation the scroll 



X = U C P^ 

Dxe\D\ 

constructed from |D| is a 4-dimensional rational scroll of type S'(2,2,l,0) or 
5(3,1,1,0) depending on if m\jj\ = 2 or m\£)\ = 3 respectively (cf. Theorem 
4.4.1). Then Theorem 4.6.3 says that also in this situation there exists a unique 
representation of C by the Pfaffians of a skew symmetric matrix ip on the scroll 
X. It is of type 

f H + R H H H -R \ 
H H H-R 
H-R H -2R 
H -2R 




and the Betti table for C can be obtained by considering the non minimal maps 
in the corresponding mapping cone construction. Moreover C is contained in a 
determinantal surface Y C X, that is obtained as image of a blowup of a cone 
in P^ : We focus on this question first. A necessary condition for m|D| > 2 is 
/i"(C, Oci^D)) ~ 4. We consider the space model C" of C obtained from the 
complete linear series \2D\ . 



Lemma 4.6.1 Let X C be the scroll given by a special linear series \D\ of 
type g\ of a canonical curve C of genus 9 as above, i.e. mjy > 2. Then there 
exists a space model C of C lying on the cone 1" C P'^ over the irreducible conic 
x\ — XqX2 in P^. 

Proof. We have remarked that X is of type 5'(2, 2,1,0) or S'(3, 1, 1, 0) if and only 
if h°{C,Oc{2D)) = 4. Let r, s G H^{C,Oc{d)) denote the global generators 
of Oc{D), then we get three global sections xq, xi, X2 G H"{C,Oc{2D)) by 
xo := r^, xi := s ■ r and X2 '■= s^. Further there exists an element ^3 6 
H°{C,Oc{2D)) \ {xo,xi,X2) ■ Considering the space model C" of C, which is 
given by the complete linear system \2D\ : 

c "5' c c p3 
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we see that C" is contained in the surface Y C F^, given by the equation xf — 
xqX2 = 0, i.e. y is a cone over a conic in 




As \D\ was assumed to be base point free C does not pass the vertex of the 
cone. ■ 

4.6.1 Resolution and Representation 

In the foregoing lemma we have seen that there exists a space model C" C F C 
P'^ of C that is contained in the singular cone F C P^ over the irreducible conic 
x\ — X0X2 in P^. Consider 

7r:P2=P(e'pi(2)®Opi)^pi 

the corresponding P^— bundle with hyperplane class A and ruling B, that rep- 
resents a desingularisation of the cone. The exceptional divisor of this blowup 
is an effective divisor of class A — 2B. The strict transform C" C P2 of C" is 
then given as divisor of class 5^4 as C does not pass the vertex of the cone Y. 
From Pa{C') = (5 — 1)^ = 16 it follows that C" has certain singularities on P2 
that cannot be of multiplicity 3 or higher, as projection from such a point would 
lead to a with d < 7. Thus C" has exactly 7 (possible infinitely near) double 
points pi, ...,pr on P2. The gl is then cut out by the class of a ruling B. We 
consider the iterated blowup 

a : S ^ P2{pi, ■■■,P7) P2 

in the singular points of C". We can assume that C is the strict transform of 
C" under the blowup a and Kc ~ (3^4 — X^I^i-^OIc- Consider the morphism 

(fi-.S^S'cP^ 
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defined by the adjoint series 



According to Corollary 2.3.1 the adjoint linear series is base point free and the 
surface S' is arithmetically Cohen-Macaulay. Now we want to apply our results 
on page 1.4 to show that the variety 



is a 4-dimensional rational normal scroll. We have to check the following con- 
ditions for H = 3A- EJ=i^«: 

1. h°{Os{H-B)) > 2 

2. H^{Os{kH -B))^0 for k > 1 and 

3. the map SkH°Os{H) H°Os{kH) is surjective. 

The first condition is trivial because of h^{Os{H — B)) > 12 — 7=5. Condition 
3. follows as S' is arithmetically Cohen-Macaulay. It remains to examine the 
second condition. Consider the exact sequence 



and the corresponding long exact sequence of cohomology groups 

^ H^OsikH -B)^ H^Os{kH) ^ H^OB{kH\B) 
H^OsikH -B)^ H^OsikH) = 

We first show that H°Os{H) ^ H^Ob{H\b) = H^Ori{H.B) = H^Opi{2,) 
is surjective. If hP{Os{H — B)) ~ d > h then the complete linear system 
\{H -B)\c\ would be of type gf^^ and therefore Cliff(C) < 2. It follows 
that h°{Os{H ~ B)) = b and thus dim J > 9 - 5 = 4 = h^Orii^), so 

is surjective. As a further consequence we also obtain that H^Os{kH) ^ 
H^OB{kH\B) is surjective (the image of B under tp is a. rational normal curve), 
hence H^Os{kH - B) = 0. Let P(f ) be the corresponding -bundle to the 
scroll AT, then according to Theorem 1.4.4 5" can be given by the 2x2 minors 
of a matrix of type 



on P(f ) with oi, a2, 03 e Z. 

From Theorem 1.4.5, we obtain certain conditions on the numbers (we 
denote / = degX = 5, d = 3 and a = ai + a2 + 03) : 



Kc ~ (3A - ELi^OIc = {iA + {f -d-k-a)B- Y.]=iEi)\c ^ a = -I 



X= U ^aCP' 



Bxe\B 



^ Os{kH -B)^ OsikH) OB{kH\B) 




H-aiR H-a2R H - a^R 

H-{ai+ 2)R H-{a2 + 2)R H - {as + 2)R 
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If X is of type S'(2,2,l,0), it follows that m < for all i = 1,2,3 since 
otherwise some of the minors of ui would vanish or become reducible. In the 
case, where X ~ S{3, 1, 1, 0), we must have ai < 1 for all i for the same reasons. 
Moreover we cannot have ai = 02 = 1 in the case X ~ 5(3, 1, 1, 0), since we 
would get a common factor ipo & ^^"(IP('S'), C'p(£)(-ff — of al minors. We 
conclude: 



Corollary 4.6.2 Let X cP^ be the scroll constructed from a special linear se- 
ries \D\ of type gl, rn^jj^ > 2, on an irreducible, nonsingular, canonical curve 
C Cf^ of genus 9 with Cliff (C) = 3, that admits no g\. With P(£') denoting the 
corresponding ¥^ ^bundle, C is contained in a determinantal surface Y given by 
the minors 0/ a 2 x 3 matrix of type 

a) 

( H H H+R\ 

\ H -2R H -2R H - R J 

ifF{£) ^ P(0(2) ® 0{2) ® 0(1) ® O). 

f H -R H+R H+R \ 
^ ^ \ H -3R H - R H - R J 

ifF{£) = P(0(3) ® 0(1) ® 0(1) ® O). 

In Section 4.4 we mentioned that on F{£), the vanishing ideal of C is given 
by the Pfafhans of the matrix ip that occurs in the free resolution of Oc as 
Op(£)-module: 

5 

F,: ^ Oris) {-5H + 3i?) ^ ^Op(f ) (-3F + b,R) % 

4=1 



5 

i=l 

Theorem 4.4.2 then shows that we can restrict to 3 different possibilities for 
(oi, 05) and from the proposition above, we can deduce further information: 
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Theorem 4.6.3 Let C be a curve as given in Corollary 4-6.2, then the matrix 
ip has the following form: 



( Q H + R H H H -R \ 

H H H-R 

H-R H -2R 

H -2R 

V / 



Proof. In Theorem 4.4.2 we have seen that there are only three possible 
types for ^, namely (ai,...,a5) = (2,1,1,1,1), (2,2,1,1,0) or (2,2,2,0,0). 
From Corollary 4.6.2 above, it turns out that C is contained in a determi- 
nantal surface Y given by the 2x2 minors of a 2 x 3 matrix uj with global 
sections on F{£). Therefore the 2x2 minors of w, which are elements in 
H^{P{£),Op(^£-j{2H — fiii?)), i = 1,2,3, are contained in the ideal generated 
by the Pfaffians G i?"(P(£:), Op(£)(2ff - Oii?)), i ^ 1,...,5, of V- Now 
(ai,...,a5) = (2, 1,1, 1,1) and P(5) P(0(3)®0(l)®C'(l)eC') can be omitted, 
as in this case the two minors of oj, which arc elements of i/°(P(£), ©(•(f) {2H — 
2R)), are equal to a multiple of pi € H°(P{£),Or(s)i'^H - 2i?)), which is not 
possible as Y is irreducible and non degenerate. 

The following arguments show that the case (oi, ...,05) = (2, 1, 1, 1, 1) does 
not occur for V{£) = P(0(2) 0{2) © 0(1) © O), too: In this case C is given 
by the Pfaffians of 



( H H H H \ 

H-R H-R H-R 

H-R H-R 

H-R 
V J 



We already know that C is contained in a dctcrminantal surface Y given by the 
minors of 

H H H + R 

H -2R H -2R H-R 



on P{£). We first calculate the Betti table for Y C 
that Oy has an Cpfgj-modulc resolution of type 



Theorem 1.4.4 tells us 



K : 



Or(£) {-3H + R)(B Op(£) (-3i7 + 3i?) 



^ One) i-2H + R)®^® Ovi£){-2H + 2R) Ovis) Oy ^ 
The corresponding mapping cone 
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T T 

1 1 

53G(-3) ® G(-3) 

T T 

F(g)52G(-4) ® F(-4) 

T T 

A2F(g)G(-5) ® a3F(-6) 

T T 

a3F(-6) ® DG*®A-*F(-7) 

T T 

a5F(-8) ® D2G*(-8) 



P(£) 



(-2_H' + _R)9 
T 



P(£) 



{-2H + 2R) 

T 



Cp(£) 

T 



G(-2)ffi2 
T 

F(-3)®2 
T 

a3f(-5)®2 
T 

A'4FiX)DG*(-6)®2 
T 

D2G*(-7)®2 



52G(-2)®2 

T 

Fcg)G(-3)®2 

T 

A2F(-4)ffi2 

T 

A4F(-6)ffi2 

T 

Z)G*(-7)®2 



T 

a2F(-2) 

T 

A^F® DG*("3) 
T 

A*F(g)Z)2G*(-4) 
T 

BaG^-S) 



gives us a (not necessarily) minimal free resolution of Oy- We calculate the 
rank of the non minimal map 

7: a2f®G(-5) Aa3f(-5)®2 

which is obtained from the submatrix ( LO22 1^23 ) ^ i H — 2R H — 2R ) : 



/l A /2 A 5^22 

/i A /2 A guj23 



with A,..., /4 e ffO(P(£:),Op(£)(iJ-^i?)) ^iJ0(p8,O5,) and 51, 32 & F°(P(f), 0p(£)(i?)) - 
7J°(P®, O^^). It turns out that dimker7 = 4: 

ker7 = (slj22 A 50^23 ® s, tcj22 A ttJ23 ® 

stt'22 A tuj23 ® s + icj22 A SUJ23 (8) s + SCJ22 A S[jJ23 (8) i, 

ta;22 A ttJ23 <8) S + 30^22 A <[J23 ® t + tLU22 A 30723 ® i) 
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hence the Betti table for y C is given by 








1 


2 


3 


4 


5 


6 





1 














1 




17 


46 


45 


8 






2 








4 


25 


18 


4 



The linear strand of the minimal free resolution for y is a subcomplcx of that 
for C CY.lt follows that the Betti number f]^^ (C) in the minimal free resolution 
of Oc has to be at least 8. Now if C is given by the Pfafhans of a matrix 



f H H H H \ 

H-R H-R H-R 
H-R H-R 
H-R 




then from Lemma 4.5.2 and Remark 4.5.3 we already know that /345(C) > 8 is 
only possible if one of the {H — i?)-entries of ip can be made zero by suitable 
row and column operations. But then we obtain a second special linear series 
of type gl that is different from the one we have started with. This contradicts 
to our assumption that C has only one . 

Let us now consider the case (ai,...,a5) = (2,2,2,0,0) : For P{£) = ¥{0{2) © 
0(2)© 0(1)0 0), V is of type 



/ 



V 



H + R 




H + R 
H + R 




H-R. 
H-R 
H-R 




H-R \ 
H-R 
H-R 
H - 3R 




V 



H + R 




H + R. 
H + R 




H R 

H R 

H R 





H - R \ 
H-R 
H R 






It follows that C is contained in a determinantal surface Y given by the minors 
of 

H — R H — R H — R 
H — R H — R H — R 



on ¥{£). According to Theorem 1.4.5. F is a blowup of I 



in 3 points. The 



direct image C of C in x P^ is a divisor of type (5,4), thus we get a gl from 
projection onto the second factor of P^ x P^, which we have excluded. 

It remains to examine the same possibility for (oi, 05) if X ~ S'(3, 1, 1, 0) : 
After suitable row and column operations, one of the {H — i?)-entries in the last 
column of can be made to zero. Assuming -015 — 0, our matrix takes the 
following form 



with linear independent, global sections ipo G i/"(P(f ), Op(£-)(i7 — 3i?)), ^1,^2 G 
H°{¥{£), Op(£)(i7 - R)) and cp', ip" £ (931, </J2) ■ We apply Theorem 1.4.5 again 



/ 


H + R H + 


R 


^' 





\ 




H + 


R 






























fo 




V 











/ 
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to see that C is contained in a detcrminantal surface Y given by the matrix 



-012 V'13 V'W 
■025 035 045 



H + R H + R if' 

V2 VQ 



on P{£) . The image of this surface in is given as the image of P2 = P(C'pi (2) + 
Opi) under a rational map defined by a subseries iJ"(P2, C'p2 (3^4)) which has 
7 assigned base points. The image C" of C in P2 is given by the Pfafiians of a 
matrix regarding the entries of "0 as global sections of vector bundles in P2. 
As the two rows of lu are linear dependend, we get 







/ 



V 



A.g2 




(p' = Xgo 








3A + B 











M52 























with elements A e H"{P2,Op^{A)), fi e H°{P2,Op^{A - 2B)) and 51,32 G 
H°iP2,Op,i2A+B)), .go G H°{P2, Op,i2A-B)). Because of ^' , v?" e (v?i,(^2) = 
(/xgi, /Z52) , ^ is a common factor of the last two columns, hence it is a common 
factor of all Pfaffians of 0. This contradicts that C is assumed to be irreducible. 
It remains only one possibility for (ai, 05), i.e. (ai, 05) = (2, 2, 1, 1, 0). ■ 



Theorem 4.6.4 Let C he an irreducible, nonsingular, canonical curve of genus 
9 with Cliff (C) = 3 that admits no gj . If C has exactly one g\ with multiplicitiy 
two and no further g\ then it is given by the Pfaffians of a matrix "0 







/ H + R H H H -R \ 

H H H-R 

H-R H -2R 

H -2R 

\ / 



on a scroll of type S(2, 2, 1, 0). The minimal free resolution ofOc as Op8 — modul 
has the following Betti table: 








1 


2 


3 


4 


5 


6 


7 





1 
















1 




21 


64 


70 


8 








2 








8 


70 


64 


21 




3 
















1 



Proof. Let P(f ) be the corresponding P^-bundle of type 5(2, 2, 1, 0) constructed 
from a unique g\ — \D\ of multiplicity 2, then C is given by the Pfaffians of a 
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matrix ip as in the above theorem. By suitable row and cohimn operations, 
has the foUowing form: 



/ H + R H H 



H H 



\ 

^2 











V 



/ 



with independent global sections lySo, (^i G {¥{£), Ori^£){H — 2R)) and (p2 G 
H° Op(^£){H - i?)). We can assume that ip ^ or (p ^ ip2. li if ^ 0, then 
C is contained in the determinantal surface Y given by the 2x2 minors of 



■ip31 ■032 1^35 
■014 ^^24 ^54 



H H H -2R 
H H H -2R 



We apply Theorem 1.4.5 to see that 1^ is a blow up of ] 



in 7 points and 



the direct image C C ' 



of C is a divisor of type (5, 5) on 



Therefore C would have two different special linear series of type gl, which 
contradicts our assumptions. It follows that ip ~ ip2. Now we want to calculate 
the Bctti table for the minimal free resolution of Oc- We have to look at the 
non minimal maps in the corresponding mapping cone 



T 



Op(£)(-3H + 2if,)®2 



Oi 



P(£) 



i-3H + 3R) 



-I 



G(-3)ffi2 © 


52G'(-3)®2 a 


) 53G(-3) 


T 


T 


T 


F(-4)®2 © 


F®G(-4)®2 g 


) S'2G(g)F(-4) 


T 


T 


T 


a3f(-6)®2 e 


a2f(-5)®2 a 


3 a2F®G(-5) 


T 


T 


T 


A^'F® DG*(-7)®2 © 


A'*F(-7)®2 g 




T 


T 


T 


D2G*(-8)®2 © 


DG*(-8)®2 a 


3 a5F(-8) 



52G(-2)®2 
T 

F(g)G(-3)®2 
T 

A2F(-4)ffi2 
T 

a4f(-6)®2 
T 

A^F® DG*(-7)®2 



Op(£)(-3// + K)®2 
T 

1 



G(-2)®2 
T 

F(-3)®2 
T 

a3F(-5)®2 
T 

A*F(g)DG*{-6)^ 
T 

D2G*(-7)ffi2 



Cp(£)(^2H) 

T 



0{-2) 

T 

a2F(-4) 

T 

A^F® DG*(-5) 

T 

A*F(g)D2G*(~6) 

T 

A^F® D3G*(-7) 
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which arc given by the fohowing maps: 
a: F(-4)®2 © F (g> G{-4.)®^ 

/ /i \ 

gi ® h 

92 ® U 

its dual 



/2 A (/32 + 9Wi A /s + .92^0 A /4 



a* : a3F(-6) ^ ^'^F ® DG*{-Q) 
and 

13 : A^F(E>G{-5) 



S'^FtE)D2G*{-&) 



S^F{-&f 



h A /2 
/3A/4 
9® h^k 



a2F(-5)®2 
/ 



A3i^(-5)€ 



A^i^® i:»G*(-5) 
\ 



-<^2 f\hf\h- 9^1 Ah^fe 
<<52 A /i A /2 - g<(5o A /5 A /e 
(s^i A /i A /2 (g) s* + A /i A /2 r + 
V S<^oA/3A/4«)S*+t^o A/3A/4«>r) / 

with /i, .., /e e i/OF, 3, 31, 52 e i/"G, 5^'^ e iJ052G and G = (s, t) , H^DG* = 
{s*,t*) . Trivially a is surjective as every element in A^i^(— 4) is a sum of ele- 
ments of type f Aip2, 9^1 A / and gipo A / with f & F and g G G. Thus, if G is 
given by a matrix -0 as above, then we get /324 = 0. A calculation of ker /3 gives 
(cf. Appendix 6.3) 







t (g) (tipo A t(pi 






(SV90 A S(pi) 



ker/3 : 






{tipo A t</3i) + t ® (tv'o A stpi + s(y3o A tipi) 



\ s (g) (f(/3o A S(pi + s(po A tiySi) + t ® (st^o A s<^i) 
Therefore, the Betti table for G is given as follows 








1 


2 


3 


4 


5 


6 


7 





1 
















1 




21 


64 


70 


8 








2 








8 


70 


64 


21 




3 
















1 
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It remains to determine the Betti table for C if C lies on a scroll of type 
S{3, 1, 1,0), i.e. we must have h°{C, 0{Kc - 3D)) = 1 for the unique gl = \D\ 
on C : 

Theorem 4.6.5 Let C he an irreducible, smooth, canonical curve of genus 9 
with Cliff (C) = 3, that admits no g|. // C has exactly one g\ with multiplicitiy 
3 then it is given by the Pfajjians of a matrix tp 



/ 



V 



H + R 




H 
H 




H 
H 

H - R H 
H 



H-R \ 
H - R 

- 2R 

- 2R 

/ 



on a scroll of type S{3, 1, 1, 0). The minimal free resolution ofOc as Ops — module 
has the following Betti diagram: 








1 


2 


3 


4 


5 


6 


7 





1 
















1 




21 


64 


70 


12 








2 








12 


70 


64 


21 




3 
















1 



Proof. Let X be the scroll X of type S{3, 1, 1,0) constructed from the unique 
gl — \D\ and ¥{£) the corresponding P'^-bundle, then C is given by the Pfaffians 
of a matrix -0 as above. By suitable row and column operations, "0 gets the 



following form: 



0. 



/ 



V 



H + R 




H 
H 




H 
H 





H -R\ 

tipo 

sipa 
/ 



with global sections e H° {¥{£), Op^£){H -3R)) und ip,(p' e H° {¥{£), Op(^£){H- 
R)). As in the proof of Theorem 4.6.4 varphi cannot be made zreo by suitable 
row and column operations. The calculation of the minimal free resolution of 
Oc by a mapping cone construction can be done in an analogous way as in the 
case where X is of type S{2, 2, 1, 0). The only difference in this case is, that the 
non minimal maps are given by 



F{-4)®^ 
I 



h 

f2 

.91 ® /s 

.92 ® /4 

(2) 



F®G'(-4)®2 © S2G(g)F{~A) ^A^Fi-A) 
\ 

f2 /\(p' + git(pQ A /s + g2Sipo A fi 
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its dual 



a* : A^F{-6) h'^F DG*(-6)®2 
and 

/3: A2F(g)G(-5) 



/l A/2 

/3A/4 



a2F(-5)®2 
/ 



\ 



-V A h A /4 - .gitpo A /s A /e 
A /i A /2 - ,9S(^o Afb^k 
(st^o A /i A /2 (g) s* + tVo A /i A /2 ® t* + 
V A/3 A/4®s* + st^o A/3A/4(g)r) y 

with/i,..,/6 g,g,,g2eH"G, g^^^ e H" S2G and G ^ {s,t) , H°DG* = 

(s*, i*) . if' cannot be obtained from a linear combination of s'^ipo, stipQ, t'^ipo, as 
then (fiQ would be a factor of one of the PfafRans, thus it is a direct consequence 
that a is surjective. For /3 a calculation shows (cf. Appendix 6.4), that 



st^pQ A t ^pq 


t (8 (t^VO A ip) 






1 18 {stipo A t^ipo) 



s VO A t ¥=0 
sti^O A t'^ipo 
I {t^ipo A + 2t g) {stipo A 



kcr /3 : 



s 8) (si'/'o A t <po) + i ® (s ipo At ipo) 



s^ipo A stc^o 
s^c^o A t^vo 
2s (8 (sti^o A c^) + t iS) {s^ipo A ip) 



3 (8 (s^ipo A c^) 



s ® (s ipo At ipo) + i 8 (s 1^0 A sti^so) 



Therefore the Betti table for G is given as follows: 








1 


2 


3 


4 


5 


6 


7 





1 
















1 




21 


64 


70 


12 








2 








12 


70 


64 


21 




3 
















1 



4.6.2 Deformation 

In the last two sections we have determined the Betti table for a canonical curve 
C C of genus 9 that has exactly fc = 1, 2 or 3 special linear scries of type g^ 
(counted with multiplicities): 

1 

• 21 64 70 4fc • • • 

• • • 4fc 70 64 21 • 
1 
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Our definition of the multiplicity of a gl was rather technically, so it remains 
to give a geometric explanation for this procedure. In the situation where C 
has three different ordinary g^, we have seen that in some cases it is possible 
for the third one to become equal to one of the two others. In this sitiuation 
its multiplicity rises to 2. We want to show that in any case where the curve 
Co := C has a, gl = \D\ , D an effective divisor of degree 5 on C, with higher 
multiplicity, there exists a local one parameter family (CA)AgAi of curves in 
Mg, such that C\ has the corresponding number of different g^ with ordinary 
multiplicity for A 7^ 0. 

According to Theorem 4.6.1 we can assume that C has a space model C 
given as the image of C under the map defined by the complete linear series \2D\ . 
Then C is contained in the cone F C P'^ over the irreducible conic X0X2 = x\ in 

and has exactly 7 (possibly infinitely near) double points pi, i = 1, ...,7, as 
only singularities. C" does not pass through the vertex of Y. The corresponding 
-bundle P2 = V{Opi (2) ©Opi ) gives a resolution of the singularity of Y. Let A 
denote the class of a hyperplanc divisor and B that of a ruling on P2 . The curve 
C" C P2 is given by an element Fq S \5A — 2pi — ... — 2p^\ on P2. We denote Qo 
the defining equation of Y in P^ and H the hyperplane divisor in P^. Then A is 
the puUback of H\y and thus C C P'^ is the complete intersection of a quintic 
F = V{Fq) given by an Fq £ \5H\ and the cone Y = V{Qo). Blowing up P2 in 
the points pi, ...,P7, we can assume that C is a divisor of type 5A — ^-E"; 
on 5* := P2(pi, •■•jPt) where A and B denotes by abuse of notation also the 
puUback of the class of a hyperplanc divisor and a ruling on P2 respectively. 

We give an outline how to construct the local one paramtcr family with the 
desired properties: 

1. In the first step we separate infinitely near double points, i.e. we give a local 
one paramter family of curves on the cone Y that have the same number of g^'s 
(respecting their multiplicities) as C, but exactly 7 distinct double points. This 
shows that we can assume for C" to have exactly 7 distinct double points. 

2. Then we show that we can choose Fq in such a way that F = V{Fo) has 
multiplicity 2 in each of the points pi, i.e. the singularities of C in the points 
Pi come from singularities of F in pi . 

3. In the last step we get a deformation := Ffi Yx of C" by fixing the quintic 
F and deforming Y into a smooth quadric Y\ ^ x P^ that passes through 
the points pi. Then becomes a divisor of class (5, 5) on P^ x P^ with double 
points Pi. This separates the infinitesimal near g^'s of C that are cut out by 
the class of a ruling on the cone Y. 

Wc start with the following lemma: 

Lemma 4.6.6 Let C G |5^| be an irreducible curve on P2 that has exactly 
7 double points pi,...,p7 as only singularities. Further assume that p-^ lies in- 
finitely near to Pq . Let <Z P2 he a rational curve that passes through and 
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iQx)\eA^ be a local parametrisation of T, with qq = p^. Then there exists a lo- 
cal one parameter family (C^)agai of curves in the divisor class 5A that have 
double points in pi, ...,pG,q\ as only singularities. 

Proof. We blow up P2 in the points pi, ...,p(), qx : 

ax ■■ S\ = p2ipi, .■.,P6m) S = P2{pi, ■■■,P&) P2 
Ei denotes the total transforms of pi and E ^ A — 2B the exceptional divi- 



of 



sor on P2. We consider the complete linear system \L 
strict transforms of curves passing through the points pi, ...,pg with multiplic- 
ity 2. Due to Corollary 2.3.1 we know that \L\ is very ample on S'\(lJi=i-^j' U 
E) and therefore, passing through an arbritrary point qx with multiplicity 
two gives three independent conditions for \L\ . Thus the dimension dx ■= 

dim 



5^ - Eti2^. - 



9a 



for the complete linear system of curves passing 

through pi, ...,pQ,qx with multiplicity 2 is independent from A G A^. Let S be 
the blowup of X S* along the subschemc | (A, qa) : A G A^ }• C A^ x S", then we 
obtain the following picture: 

S-A C S AixS 



The fibres of S are given by the blowups Sx with exceptional divisor Ex ■ For the 
sheaf T Og{5A - ^^^^ 2E, - 2Ex) on S, we know that dim^x) H"{Sx,Tx) 
is constant on A^. It follows that tt*^ is a vector bundle of dimension d = c^a on 
A^. Then we can choose a global section of tt^,T, that lifts to a one parameter 
family of elements ^ \5A — X^lLi^-Ei — 2qx\ on S. ■ 

According to the above approach we can successively separate infinitely near 
double points. We remark that in the situation where all double points pi 
are lying on a rational curve E (especially in the case where we have three 
infinitesimal near g^'s) this can be done in such a way that all double points 
which have been separated lie again on S. This shows 1. 

To handle step 2. we have to show that we can choose _fo in such a way 
that Pi is a point of multiplicity 2 of F = V{Fo). As pi is a double point of the 
complete intersection C" =TnY, we must have 

FoiPi) = Qo{pi) = and dFo{pi) = XidQoipi) 

with elements A.; G k. Now we replace Fg by Fq := Fq + G ■ Qq G Ic where G 
is a homogeneous, cubic polynomial. If it is possible to choose G in such a way 
that FG{p^) = and dEdp,) = dFo{p,) + dG{p^) ■ Qo{p,) + dQofe) • G{pi) = 
dFo{pi)+dQo{pi)-G{pi) = 0, then Fq has the desired property. This is fulfilled if 
G{pi) = —Xi for i = 1, 7. If three of the double points are colinear, projection 
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from one of them would lead to a plane model for C of degree 8 that has a point 
with multiplicity of at least four, hence we would get a 174 or a special linear 
series with even lower Clifford index, so that we can ommit this case. Then 
we can find hyperplanes, such that each of them contains exactly two of the 
points Pi and no two of them intersect in one of the points pi. For the product 
Gj of their defining equations we obtain Gj S k[a;o, laja, j — 1,...,7, with 
GjiPi) = Sij ■ Gj{pj) where Gj{pj) ^ 0. Then for G ~ ~ Gjt^^i S^* 

According to above considerations we can assume that C" is given by the 
complete intersection of the cone Y = V{Qo) and a hypersurface F = V{Fq) of 
degree 5 that passes through the points Pi with multiplicity 2. As mentioned in 
3. we want to deform Co = C by fixing F as well as the points pi and varying 
the quadratic form Q\ in such a way that Q\ defines a smooth, irreducible 
hypersurface of degree 2 in for A 7^ 0, thus Y = V{Qx) ^ x P^. The 
only condition on Yx :~ V{Qx) is that it has to contain the points pi. From 
dimk[xo, a;3]2 = ('^^^) = 10, it follows the existence of three linear inde- 
pendent quadratic forms Q' , Q" , Q'" € k[a;o, X3]2 that vanish at all points pi. 
Further we can assume that Q'" = Qq. We denote Yi := V{Q') and Y2 := V{Q"). 
On the blowup S := P2{pi, ...,P7) they give two effective divisors Fi and F2 of 
type 2A — X]I=i ^^'^ the pencil spanned by these two divisors cut out the 
linear system \Kc - 2D\ = \{3A - 2B - J2Li ^iM = 1(2^ " ELi E^)c\ as 
E\c ^ (A - 2B)\c 0. Then it follows 

Lemma 4.6.7 The complete linear system \2A — Y^1^-^ Ei\ has a rational curve 
S ^ A + B — X]i=i base locus if and only if m|£)| = 3. For = 2 

this system has exactly one base point q G G if C admits a further g\ otherwise 
its base locus is a point q Cz S G G or a divisor of type A + B — X^ieA ^« with 
|A|=5. 

Proof. For m\D\ = 3 we get 1 = h°{G, Kc - 3L») = h^{G, Oc{{iA - iB)\c - 
ELi^dc)) = h^{C, Oc{{2A^B)\c~Y.l=iEr\c)) since {A-2B)\c - 0. Hence, 
it follows the existence of an clement 7 e i/°(C, Oc((2A - B)\c - ELi^»Ic))- 
Denoting the global generators of H^{S^ Os{B)) by s and t, we can assume that 
the rulings Rs, Rt ^ R given by s and t do not pass through any point pi. The 
complete linear system 

H°{G, Oc{2A\c - ELi^.Ic)) = {s\c ■ 7, t\c ■ 7) 

is cut out by a pencil of effective divisors of type 2 A — El=i^i' thus we have 
9i|c = s|c-7and ^slc = ^Ic • 7 with (gi, 92) = ^5(2^ - ELi^O)- Since 

the rulings Rs and Rt cut out the same divisor on C as Fi = (qi) and F2 = ((72) 
respectively they must have 5 in common. We have Rs-^i — Rt-^2 — 2, that 
is only possible if Rs and Rt are components of Fi and F2 respectively. Hence 
we get a common component S 2 A — B — Ej=i'^i ^2 on S. The 
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intersection product of E with the exceptional divisor E ^ A — 2B is negative, 
hence £^ is a component of S. Substracting E once we get a rational curve 
E ~ A + _B — J2i=i^i- -P'or the other direction let us assume the existence of 
such an effective divisor E on 5*. Then h°{C, Oc{Kc - iD)) = h°{C, Cc((3^ - 
3S)|c - ELlE^\c)) = h"{C,Oc{{A + B)\c~ ELi^^c)) = 1 from which 
m|£)| = 3 follows. 

It remains to consider the case m|£)| = 2 : If two divisors in \2A — Y^1-iEi\ 
have no common component they intersect in exactly (2A— Ej=i^'i)^ = 8—7 = 1 
point q € S. In the case where C admits no further g| the point q cannot lie on 
C as otherwise we would get a 5,5 = | {2A — EjLi-^O lc — <l\ that is different from 
\D\ because of = h°{C, Oc{Kc - 3Z?)) = h%C, Oc{{2A -B)\c~ Y.]=Mc))- 
If C has a further g\ then according to our results in Theorem 4.5.6 this linear 
series is given by \Kc — 2D — q'\ = \{2A — B)\c — q'\ with a q' £ C, but then 
q' = q. 

We consider the situation where \2A — Ei=i-^il ^ common divisor E ~ 
aA + hB-Y,l=i KEi, a,b,Xi e Z, in its base locus. Let ri,r2 G |2A-ELi-^» 
be two different divisors. Then we can assume that E is maximal in the sense 
that Fi — E and r2 — E contain no further component, i.e. 

(I) < (Fi - E).(F2 - E) = 2(2 - a){2 - a - 6) - EI=i(1 " 
^ Ell 2A, > 7 - 2(2 - a){2 - a - b) + ELi ^1 

Moreover \2A ~ Ei=i-^il "^^^s out on C a linear system of dimension 2 and 
degree 

(II) d = C7.((2-a)A-&B-El=i(l-AO^^O = 10(2-a)-5&-ELi 2(1-A,;) > 5 
^ E.C = 10a + 56 - ELi 2A,; < 1 

and as C is irreducible 

7 

< E.C = 10a + 56 - ^ 2A, < 1 

If some of the are negative then one of the exceptional divisors Ei is contained 
in the base locus of our complete linear series, hence we must have E.C > Ei.C = 
2, a contradiction. From (I) it follows that at least 7 — 2(2 — a) (2 — a — 6) 
coefficiants Ai have to be equal to one. Therefore we get 

7 

< 10a + 56 - ^ 2A, < 10a + 56 - 14 + 4(2 - a)(2 - a - 6) 

i=l 

We distinguish the cases a = 0, 1 and 2 : 

a = : Here we have 2 — 36 > 0, hence 6 = and therefore E ^ 0. 
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a = 1 : In this case it follows that 6 > and from (I) that 6 < 1. Then 
either E - ^"EsGA^i ^or A C {1,...,7} and |A| = 5 or E ~ A + B -J2l^i E.,. 
The last possibility can be excluded since then it follows that m|£)| = 3. 

a ~ 2 : From (I) we sec that = 1 for all i = 1,...,7 and from (II): < 
I].C = 6 + 56<1, hence 6 = — 1. Then we get the existence of an effective divi- 
sor E of type 2A — B — J2i=i and thus mpi = 3 as above. In the case where 
E ~ A — X^ieA assume E ^ A — X]i=i ^i, the complete linear system cut 

out on C by the pencil of divisors spanned by Fi — E and T2 — ^ A — Eq — 
cannot be of type gl as the divisors Fi — E and F2 — E do not intersect and 
(Fi — E).C = 6 for i = 1, 2. If C admits a further gl then it is cut out by the 
pencil of divisors spanned by Fi and F2, hence in this situation there exists no 
common divisor in the base locus of \2A — Ei\. In this case, i.e. if E ~ 0, 

Fi and F2 intersect in exactly one point q G S and we have q G C if and only if 
C has a further 175 . ■ 

We have collected enough information to formulate our first result: 

Theorem 4.6.8 Let C be an irreducible, smooth, canonical curve of genus 9 
with, Cliff(C) = 3 that admits no g^. If C admits exactly one gl = \D\ , having 
multiplicity m|£)| = 2, then there exists a local one parameter family (Ca)agai 
with Cq = C and C\ G A^g having exactly two different gl' s of ordinary multi- 
plicity. 

Proof. We consider the image C on the cone y C of C under the map 
obtained from the complete linear system \2D\ . We have already shown that 
we can assume for C to have exactly 7 distinct double points pi, ...,P7 as only 
singularities. Further C is given as complete intersection of the singular quadric 
Y = V{Qq) and a quintic F that passes through the points pi with multiplicity 2. 
From the above lemma we know that the quadrics Yi = V{Q') and I2 = V{Q") 
either intersect in a one dimensional component E' or in the points pi and one 
further point which we denote by q. In the first case we have shown that on the 
blowup S the strict transform E of E' is a divisor of type A — X^ieA with 
|A| = 5. This situation occurs if five double points are lying on a hypcrplane. 
In the second case C does not pass through p. Then setting Q\ := Qo + AQ' 
and accordingly Y\ = V{Q\), this gives us an adequate one parameter family of 
smooth quadrics and C\ :~Y\C\T the corresponding deformation of C = Cq : 
Y\ is an irreducible, smooth quadric in P"^ which can be considered as an image 
of Pi X Pi via a Segre embedding in (cf. [Ha92] page 285). The quintic F 
cuts out a divisor of class (5, 5) on 1^ — P^ x P^, hence C\ is a divisor of class 
(5, 5) on P-'^ X P^ having double points pi as only singularities. Now C\ has 
two distinct special linear series of type gl obtained from projection from each 
factor of Pi X P^. 

From Theorem 4.5.6 we already know that Cx has a third gl if and only if 
it is cut out by the pencil of quadrics passing through the points pi. In the case 
where Y, Yi and Y2 intersect in the common component E' the additional gl has 
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to be cut out on Ca C x by the pencil of divisors |(1, 1) —p&—p7\ which is 
not possible as this systems cuts out a g\ on Cx and two divisors of this linear 
system do exactly intersect in the points pi and p2. In the situation where Yi 
and Y2 intersect in exactly the points pi, ■■■,P7 and q, we must have q £ C\ if 
C\ has a third gg. Thus it follows that C\ has exactly two different gl's. m 

Now let us consider the case where C has an additional .g| = \D* \ , D* -s- D, 
miD-\ = 1- Then the three quadrics Y = V{Qo), Yi := V{Q') and Y2 := V{Q") 
intersect in the points pi and one further point q, the base point of the complete 
Hnear system \2H — pi — ... — pr\ . According to Theorem 4.5.7 we have q G C 
and on the corresponding P^-bundle P2, the linear system is cut out by the 
pencil of divisors \2A — pi — ... — pr]. With Qx :— Qq + XQ' and accordingly 
Y\ = V{Q\) we get an adequate one parameter family of quadrics Y\ = V^ x P^ 
and C\ := Ya n r a divisor of class (5,5) on P^ x P^ the corresponding local 
deformation of C ~ Cq : Cx has two g^'s from projection along each factor of 
P-'^ X P-'^ and as q G C , a third 175 is cut out by the pencil of divisors of class 
(2, 2) passing through the points pi, ...,P7. We conclude: 

Theorem 4.6.9 Let C be an irreducible, smooth, canonical curve of genus 9 
with Cliff (C) = 3 that admits no g^. If C admits exactly one g\ ~ \D\ with 
multiplicity m\D\ = 2 and a further one with multiplicity one then there exists a 
local one parameter family {C\)x<^a^ with Co = C and Cx G M9 having exactly 
three different gl of ordinary multiplicity. 

It remains to examine the most special case where C has a gl of multiplicity 
3. We will see that the same deformation as above leads to a local one parameter 
family {Cx)xeA'^ of curves that have a g}^ with multiplicity two and a distinct 
one of ordinary multiplicity. Together with the theorem above, where we have 
dicussed this case, it follows: 

Theorem 4.6.10 Let C be an irreducible, smooth, canonical curve of genus 9 
with Cliff (C) ~ 3, that has exactly one linear system \D\ of type g^ and admits 
no g^. If rii\^D\ — 3, then there exists a local one parameter family {Cx)xeA^ with 
Co = C and Cx G Mg having exactly three different, ordinary g\. 

Proof. In Lemma 4.6.7 we have shown that C has a g\ of multiplicity 3 if and 
only if the three quadrics Y, Yi and Y2 intersect in a rational curve S' C Y , 
such that its strict transform E is a divisor of type A + B — X]I=i '^^ 
blowup S. As above we define Qx ■— Qo + AQ' and accordingly Yx = V{Qx). 
Then, on Yx = x P^ the curve S' is a divisor of type (2, 1) that passes 
through the points pi, ...,Pt. It follows from Theorem 4.5.7 that Cx ■= YxHT, a 
divisor of class (5, 5) on Yx, has exactly two different g^'s given by the divisors 
D ^ (1,0)|ca E^nd D* ~ (0, 1)|ca with m\u\ = 1 and m\D-'\ = 2. Therefore Cx 
gives an adequate one parameter family with the desired properties. ■ 
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Summary 



The result of this thesis is a complete description of irreducible, smooth, canoni- 
cal curves of genus 9 concerning their Betti tables and the corresponding Clifford 
index of C . For Cliff(C) < 2 a collection of all Betti tables that occur was al- 
ready determined in [S86] . In the case for a hyperelliptic or a tetragonal curve 
there exists a unique Betti table. 

For tetragonal curves the Betti table depends on the existence of a further spe- 
cial linear system of Clifford index 2 or 3. Here we can distinguish three cases. 
The most interesting situation is that of a pentagonal curve: From Theorem 
0.0.2 we know that for odd genus g = 21 — \ there exist extra syzygies if and 
only if C carries a pencil of degree i.e. especially for g = 9 this is exactly 
the case if C has a g\. For curves C with Clifford index 3 there exist 4 differ- 
ent Betti tables that correspond to curves having a, gj or k g^'s (counted with 
multiplicities) with A: = 1, 2 or 3. We calculated the minimal free resolution for 
the homogenous coordinate ring Sc of C C applying the structure theorem 
in codimension 3 to C C AT where X is the scroll constructed from a gl- This 
calculation even shows that the given collection of Betti tables is correct for 
arbritrary fields k with char(Ik) ^ 3. For char(Ik) = 3 the following Betti tables 
are different: 



general 


3 9,^ 


3 two gi^ 




01 234567 




12 3 


4 5 6 7 




01234567 










1 - - - 









1 


- 21 64 70 4 - - - 


1 


- 21 64 70 


6 - - - 


1 


- 21 64 70 10 - - - 


2 


- - - 4 70 64 21 - 


2 


- - - 6 


70 64 21 - 


2 


- - - 10 70 64 21 - 


3 




3 




- - - 1 


3 





In [S03], due to computational evidence, the author also gives conjectural Betti 
tables for canonical curve of genus g = 10 and g = 11. For g = 10 the methods 
of this thesis can be applied to check these Betti tables with the exception of 
that of a curve with Clifford index 4 since an analogue of Theorem 0.0.2 for 
even genus is not proven yet. In the case g = 11 the method to determine the 
minimal free resolution of Sc from a free resolution on a scroll fails for hexago- 
nal curves as we do not have any structure theorem for varieties of codimension 
4. The reader is encouraged to continue this work. 
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Appendix 



The following calculations are done in Macaulay2: 

1. Lemma 4.5.1: We denote by /i, /s the generators of H^{X, Ox{H — R)). 

We have to distinguish four cases: 

restart 

kk=QQ 

kk=ZZ/3 

R=kk [f_l . . f _5 , f _6 , SkewCommut ative= > true] 

Mpsi=matrix{{0,Ll,L2,L3},{-Ll,0,L4,L5},{-L2,-L4,0,L6},{-L3,-f-5,-f-6,0}} 

For ^ A we have: 

betti syz substitute(Mpsi,{f_l=>f_6}) 

~ B : 

betti syz substitute(Mpsi,{L6=>0}) 
V'-C: 

betti syz substitute(Mpsi,{Ll=>0,L6=>0}) 

il) D 

betti syz substitute(Mpsi,{Ll=>L6,L3=>L4}) 

2. Theorem 4.5.2: 

Momega=matrix{{f.l,L2},{L3,L4}} 
betti syz Momega 

betti syz substitute(Momega,{f_2=>L3}) 

3. Theorem 4.6.4: We denote /i = s(^o , h = t'Po , /a = sLpi , /4 = tcpi and 
/s = ¥'2 : 

restart 



109 



kk=QQ 
kk=ZZ/3 

R=kk[f_l..L5,L6,SkewCommutativc=>true] 

Dach2=mingens (ideal(f_l..L5))"2 

Dach3=mingens (ideal(f_l . .f_5) ) " 3 

Mla=substitutc(matrix{{0,0,0,0,0,0,0,0,0,0}},R) 

Mlb=L5*Dach2 

Mlc=L3*Dach2 

Mld=f_4*Dacli2 

Ml=diff(Dach3,transpose (MlaIMlb|Mlc|Mld)) 
M2a=-L5*Dach2 

M2b=substitute(matrix{{0,0,0,0,0,0,0,0,0,0}},R) 

M2c=Ll*Dach2 

M2d=L2*Dadi2 

M2=difF(Dach3,transposc (M2a|M2b|M2c|M2d)) 

M3a=-L3*Dach2 

M3b=-Ll*Dach2 

M3c=substitute(inatrix{{0,0,0,0,0,0,0,0,0,0}},R) 

M3d=substitutc(matrix{{0,0,0,0,0,0,0,0,0,0}},R) 

M3=difr(Dach3, transpose (M3a|M3b|M3c|M3d)) 

M4a=-L4*Dach2 

M4b=-L2*Dach2 

M4c=substitute(matrix{{0,0,0,0,0,0,0,0,0,0}},R) 
M4d=substitute(matrix{{0,0,0,0,0,0,0,0,0,0}},R) 
M4=difF(Dach3 , transpose (M4a| M4b | M4c | M4d) ) 
betti ker (M1|M2|M3|M4) 

4. Theorem 4.6.5: We denote /i = s^^pQ , /2 = stLpa , /s = t^ipo , = (fi = ip 
and /s = </52 : 

Dach2=iningens (ideal(f_l..L5))"2 

Dacli3=iningens (ideal(Ll . .L5) ) " 3 

Mla=substitute(matrix{{0,0,0,0,0,0,0,0,G,0}},R) 

Mlb=L4*Dacli2 

Mlc=L2*Dach2 

Mld=L3*Dach2 

Ml=difF(Dach3,transpose (Mla|Mlb|Mlc|Mld)) 
M2a=-f_4*Dach2 

M2b=substitute(matrix{{0,0,0,0,0,0,0,0,0,0}},R) 

M2c=f.l*Dach2 

M2d=L2*Dach2 

M2=diff(Dach3,transpose (M2a|M2b|M2c|M2d)) 

M3a=-L2*Dach2 

M3b=-Ll*Dach2 

M3c=substitute(matrix{{0,0,0,0,0,0,0,G,0,G}},R) 
M3d=substitute(matrix{{G,0,0,0,G,0,G,0,G,0}},R) 
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M3=difF(Dach3 , transpose (M3a|M3b | M3c | M3d) ) 

M4a=-L3*Dach2 

M4b=.-f_2*Dacli2 

M4c=substitute(matrix{{0,0,0,0,0,0,0,0,0,0}},R) 
M4d=substitute(matrix{{0,0,0,0,0,0,0,0,0,0}},R) 
M4=difr(Dach3 , transpose (M4a| M4b | M4c | M4d) ) 
betti ker (M1|M2|M3|M4) 



Ill 
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